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Abstract

There have appeared in the literature iteration schenes for
I nproving the resolution of Mxinum Likelihood estimtes of
directional spectra from heave/pitch/roll wave buoy data. In this
note we provide illustrations show ng,that when iteration schenes
with a firmer foundation are used, the iteration converges to
spectra very «closely resenbling Mxinmm Entropy spectra.
Conpari sons between Maxinmum Entropy and iterated Eigenvector
spectra are al so nade.

Résumé

Il a été publié dans la littérature des schémas d itération
pour aneliorer la resolution des estimations du maximm de
vrai senbl ance des spectres directionnels a partir de données de
bouées nesurant le pilonnenent, |le tangage et le roulis. Le
présent article contient des illustrations nontrant que |orsque
des schémas d itération a fondenment plus solide sont utilisés,
| "itération converge vers des spectres ressenblant étroitenment a
des spectres d entropie maxinmale. Des conparaisons entre |es
spectres d' entropie maximle et de vecteur propre itéré sont
égal enent effectués.
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In his 1983 paper, Pawka showed that the resolving power of
the Maxi mum Likelihood Estinmate (M.E) of a directional —spectrum
may be inproved by a certain iteration process (type "F”
iteration). In 1984 dtman-Shay and Guza gave a sinple formula
for calculating the MLE spectrum from heave/pitch/roll data. They
used type "P” iteration to inprove the spectrum and suggested a
variation (type "O iteration) which seened to produce a sonewhat
better spectrum In 1986 Lygre and Krogstad described a sinple
formula for calculating the Maximum Entropy (MEM directional
spectrum fromthe data of a heave/pitch/roll buoy.

A variety of directional spectrum nethods have been tested
out in our organization to find those suitable for use in data
products. In |ooking at spectrum plots from Wavec data it becane
evident that the iterated MLE and the MEM spectra were generally
very nuch alike, the main difference being that the MEM peaks
were nore pronounced. The authors of the iteration techniques
have not claimed any rigorous basis for their schenmes, so the
gquestion arises: |Is there another variation having a nore
rati onal foundation, and which |leads to spectra very close to or
identical with MEM spectra? |If so, then perhaps wherever
iteration is used, it could be replaced by the sinpler and nore
di rect MEM net hod.

In general terns, as applied to heave/pitch/roll data, the
MLE iteration schenes work as follows: The ME directional
spectrum EO(O) at a particular frequency is calculated from the
Si X given cross—spectral coefficients at that frequency. Here 0
is direction, in (-m m). The ME spectrum is known to be a
snoothing of the true spectrum Substituting it in the siXx
i nt egral formulas defining the cross—spectral coefficients
(d tman-Shay and Guza, 1984) yields a new set of coefficients, and
a "tw ce-snoot hed” M.E spectrumcalled T(0) is gotten fromthese.
By applying the difference between EO and T to EO in a backward
direction a first estimate of the unsnoothed spectrum E(0) is
obt ai ned. The process may be iterated, and will reach convergence
when E yields the original cross—spectral coefficients, and the T
spectrum is identical to EO. The "O version uses straight
backward differencing, and the "P’ version uses scal ed backward
differencing. The iteration is evidently a de-convolution, or
de—snoot hi ng process. There are an unlimted nunber of solutions
all of which are possible true spectra.

Snmoothing is customarily done either by convolution, or by
application of the response function to the fourier transform of
the data. In the present case, the response function can be
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estimated by deconposing the EO and T spectra into their fourier
coefficients (auto—covari ances) and taking the ratio of
correspondi ng coefficients. The estimted unsnoothed spectrum E
can then be obtained by applying the inverse of the response to
the coefficients of the EO spectrum and then performng a fourier
synthesis. This appears to be a nore logical approach to
de-snmoothing than the backward differencing schenes. The
iterative algorithmnmay be described as foll ows:

Let COy be the fourier coefficients of the MLE spectrum
E0(®), where k= ...,-1,0,1,... and CO_k is the complex
conjugate of COg . Similarly CT& and Cﬁ are the coefficients
of the ith iteration of the T(9) and E(9) spectra

respectively. The iteration formula is:

ch = CEJ(COQ/CTzq)KK ,

where § is some number 1.0 or greater,which slows down and

stabilizes the iteration. E'(@) is obtained by fourier

synthesis of the CZ . E0(D) is used as the original estimate
of E(8), and Tr‘(O) is the MLE spectrum from cross-spectral

|
coefficients yielded by E“ (9).

W tried out this "Response” type iteration using both real
and artificially created sets of cross—spectral coefficient data.
In sonme cases, a spectrum very close to the MEM spectrum was
obt ai ned, but very often, especially with |ow noise data, severe
convergence problens were encountered. Instability problens are
to be expected in de-snobothing, so we tried iterating on the
|l ogarithm of the spectrum rather than the spectrum itself, in
order to lessen the scale of reduction of sharp peaks in the
response and to ensure a positive spectrum The only additions
needed in the algorithm are to take the log of the spectrum
before each fourier analysis, and the exponential after each
synthesis. There were occasional convergence problens, but this
"Log—Response” schene generally converged to sonething very cl ose
to MEM when applied to both real and artificial data. Figure 1
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shows a varied sanpling of spectra from real data. Type "CO
iteration is shown by the dotted line, type "P” by short dashes,
"Log—Response” by |ong dashes, and MEM by the solid line. The
small circle and arrows show the nean direction and angul ar wi dth
cal cul ated by standard fornulas. There is evidently a distinct
sequence in the resolution of peaks by the three iterative
nmet hods, and the ”"Log—Response” nethod generally matches the MEM
very closely. In some of the spectra it is hard to distinguish
the solid line from the |long dashes. Wth artificial data the
mat ch was usually even closer, but exact convergence to MEM was
never obt ai ned.

Convergence of the "Log-Response” iteration (and of the
"Response” iteration when it did converge) was usually quick. In
the tests we used 16 iterations withy=4 for the first eight
iterations, 2 for the next four, and 1 for the renaining four.
For integration and fourier analysis the spectrum was sanpled at
128 points over -t to m . For types "P” and "O iteration we used
v=10, with 200 iterations.

The functional formof a MLE spectrumis the reciprocal of a
second degree fourier sum This sumis evidently a sinpler and
generally nore gently varying function of direction than the ME
spectrum itself. Because of this one mght expect the iteration
schemes to work better when applied to the inverse spectrum
rather than the spectrum itself. This was tried on the four
iteration schenmes that have been discussed so far, wth the
follow ng results:

The ”"Log—Response” nethod gave exactly the sane result as
before. (Taking the reciprocal nerely changes the sign of the |og
and does not otherwise affect the iteration process.) The "P”
spectrum was noticeably closer to the MEM than before. The O
and " Response” nethods converged exactly to the MEM These two
nmet hods preserve the original functional formof the MLE spectrum
throughout the iteration. This form plus the convergence
condition that the final spectrum E(0) vyield the origina
cross—spectral coefficients are -equivalent to the defining
relations for the MEM spectrum (Snylie et al. 1973) So when
convergence occurs, it would be expected to be to MEM exactly.

Al'l of the above does not prove that the MEM directional
spectrumis the one and only "proper” end result of iterating on
a ME spectrum But it does seem fair to say that the original
iterated "P’ and "0 spectra do resenble MEM spectra, and when a
nore | ogi cal basis for the iteration 1is introduced the
resenbl ance becones very close, and in sone cases identity.

Anot her nethod for calculating directional spectra that has
been put forward recently is the Eigenvector (EV) nethod of
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Mar sden and Juszko, 1987. They applied type "P’ iteration to EV
spectra and found inproved resolution in nmany cases. The
uniterated EV nethod generally produces sharp peaks to start
wi th, however out of general interest we have repeated for EV the
iteration tests just done for ME. The results are shown in
Figure 2. As before the short dashes represent the type "P”
spectrum the |ong dashes the "Log Response”, and the solid |ine
MEM The type "O spectrumis not plotted as it was never used by
Mar sden and Juszko. The ”Log—Response” spectra show a distinct
resenbl ance to MEM but not as close as with iteration on MLE. It
IS interesting to note that the type "P” spectra are consi derably
closer to the MEM here than with iteration on MLE

As with MLE we also tried iterating on the reciprocal of the
EV spectrum and exactly the sane comments apply here as for ME.
(The EV spectrum also has the functional form of an inverse
second degree fourier sum)



Directory

DFO 8

Stn119 1635h Nov17/84 Period=8.7sec

r 36.76

Energy density

Stn119 1800h Nov18/84 Period=7.7sec

Energy density

[- 13.784

|- 8.892

- * A
0 90 120 270 360

Direction waves come from, clockwise from north

4 I w38 ||
r T — 0.00
90 180 270 360
Direction waves come from, clockwise from north
Stnl18 1536h Nov21/84 Period=4.5sec
1 r 15848
>
‘@
c
o
o
'+ 0.7823
>
o>
I
]
C
n]
- T ¥ 0.0000
[} % 180 270 360
Direction waves come from, clockwise from north
Stn258 0440h Mar17/87 Period=10.0sec
- r 3777
>
2
3
4 889
>
o
-
]
1
u
A\
d " ; 00
%0 180 270 380
Direction waves come from, clockwise from north

Stn119 2200h Nov21/84 Perioq=7isec

Energy density

r 0.4790

- 0.238%

g -t T
[ %0 180 270 360
Direction waves come from, clockwise from north

0.0000

Stn258 1635h Maer17/87 Period=1l.1sec

Energy density

r Z0.87

F 0.43

.
T Y

[} 90 180 270 380

Direction woves come from, clockwise from north

0.00

Figure 1. Comparison of MEM and Iterated MLE Directional Spectra
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