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CHAPTER 1 

Introduction  

1.0 History and Objectives  

In late 1972, the author was asked to undertake a tidal 

current survey of the Middle Estuary of the St. Lawrence River in 

order to supplement the recharting of the whole St. Lawrence by the 

Canadian Hydrographic Service. At that time, it was envisaged that 

the results of these current surveys, which were to be of limited 

extent, would be used to update the 1939 Tidal Current Atlas, and would 

be of some use in verifying the numerical and physical models of the 

St. Lawrence that had been produced by the National Research Council. 

In early 1973, Acres Consulting Services Limited requested help in 

carrying out a small survey on the currents and water properties in the 

Kamouraska area, across the River from Pointe au Pic, so that they 

could complete a feasibility study for a proposed deep-water terminal 

for oil tankers. 

The survey in conjunction with Acres Consulting Services was 

carried out in the Spring of 1973, and a small pilot survey in the 

Ile d'Orleans region was conducted from the C.C.G.V. Porte Dauphin in 

July and August 1973 by the author. The data from these VA0 surveys 

is given in the 1973 St. Lawrence Current Survey: Data Report (Muir 

and Budgell, 1975). 

The surveys in 1973 were reasonably successful, and with the 

reorganization of Ocean and Aquatic Sciences, further surveys were 

planned. In addition to the very limited objectives of a tidal current 

atlas, it was decided that the surveys on the St. Lawrence should 
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encompass the range of physical oceanography and that it was necessary

to determine, and quantify if possible, all of the physical processes

that were dominant in the Estuary. At this time it was believed that

the Middle Estuary of the St. Lawrence was a fairly simple and typical,

partially mixed estuary.

In 1974, a survey was conducted from the C.S.S. Bayfield

using the C.C.G.V. Simon Frazer to lay and recover moorings. This

survey recovered 9 current meter records of sufficient quality to

be subjected to a tidal analysis and occupied 30 profiling stations

for a minimum of 13 hours each. At the profiling stations current

speed and direction and the water temperature and salinity were recorded

at approximately 10 depths every 45 minutes. The 1975 survey marked

the beginning of the proper oceanographic surveys of the Middle Estuary.

A series of 12 stations was chosen, and some of them were revisited as

many as three times, at various stages of the Spring-Neap cycle. The

survey was conducted from the C.S.S. Bayfield, and the C.S.S. Limnos

was used to lay and recover the moorings. The data from these two

surveys are reported in Budgell and Muir (1975) and in Muir (1978)

respectively.

The 1977 St. Lawrence current survey concentrated the profiling

efforts in the Hare Island area of the Middle Estuary and was conducted

from the C.S.S. Limnos. It was the most extensive of the surveys and

the data are reported in Muir (1979a).

Due to the extensive amount of work that had to be done in

developing computer programs to transcribe, edit and display the data,

in devising data bases in which to hold the data and analysis programs

to utilize the data, as well as the logistics involved in developing

instrumentation to collect the data, no real analysis was done on the

2
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collected data until after the production of the 1975 Data Report. By 

the time of the 1977 Survey, it had become obvious that the St. Lawrence 

Middle Estuary was not a simple partially-mixed Estuary driven solely by 

the barotropic tide. This report is an attempt to describe the major 

physical processes controlling the instantaneous circulation and water 

properties of the Middle Estuary. It is primarily concerned with time 

scales which range from the semi-diurnal tidal period to one or two hours 

and space scales which are on the order of kilometres. The tidal records 

show that almost all of the energy in the currents is confined to the tidal 

frequencies and so it is this scale of motion that is considered here. 

Throughout the report processes outside these scales are mentioned only 

briefly,inasmuch as they modify the tidal processes. 

In Chapter 2 the instantaneous temperature-salinity 

relationships and the tidally-averaged depth-density relationships are 

examined. In Chapter 3, the tidal current records are analysed in some 

detail, and it is shown that a simple theory of barotropic motion cannot 

account for the features that are found on the St. Lawrence, but 

qualitative arguments are given which show that baroclinic motions can 

explain some of these anomalous features. 

Chapter 4 reviews the linear theory of internal tides and 

examines the vertical structures that could be found on the St. Lawrence 

In the light of the tidally-averaged depth-density relationships that are 

discussed in Chapter 2. In Chapter 5 the horizontal propagation of the 

internal tides is discussed both for the case of no horizontal density 

gradients and for the case of arbitrary horizontal density gradients. It 

is shown that the horizontal advection of the tidally-averaged density 

gradients is very important in interpreting the measurements that are 

made by fixed measuring instruments. 

-4- 



In Chapter 6, two problems are considered. The first

is the direct problem of predicting the measurements that would be

made by a fixed instrument in an estuary, given the density and

wave fields. It is shown that the patterns that emerge are very

similar to those observed in partially-mixed estuaries. The second

problem that is discussed is the inverse problem which is, given the

measurements, to determine the wave field which caused these measurements.

It is shown that the solution to this problem is not unique.

Chapter 7 is an attempt to widen the field of discussion and

to indicate all of the physical processes that go on in the Middle

Estuary of the St. Lawrence and to show how these processes interact with

one another. The final Chapter is a brief summary of the conclusions

of all of the previous chapters along with some recommendations for

further research.

1.1 Geography of the St. Lawrence

The drainage basin of the St. Lawrence
system encompasses an

area of 1.5 x 106 km2 and a population of about 30 million people

(Neu, 1975). It contains the Great Lakes, the St. Lawrence River proper

which extends from the outflow of Lake Ontario to Quebec City, the Upper

Estuary which extends from Quebec City to Ile aux Coudres, the Middle

Estuary which extends from Ile aux Coudres to the Saguenay River, the

Lower Estuary which extends from the Saguenay to about Pointe des Monts

and the Gulf of St. Lawrence.
The tide penetrates as far up the River

as the St. Lambert locks in Montreal, while salt penetrates up to the

Ile d'Orleans which is just downstream of Quebec City. Figure 1.1.1

gives a location chart which shows the features of interest in the whole

system.

- 5 -



The Estuary of the St. Lawrence River and the Gulf of

St. Lawrence form a closelycoupled system which is of indisputable

importance to Canada and M. Dunbar has written of its importance in

Steven (1974). Approximately 65% of all Canadian shipping traverses

the system, and it provides access to about 60% of the Canadian

population. The St. Lawrence River provides 50% of the fresh water

input to the Gulf, and since a large population lives upstream of the

Middle Estuary, it is an open sewer carrying the effluent of a large

portion of the Canadian and U.S. population. The Gulf has been

declared an exclusive Canadian fishing zone and about 40% by weight

of all the Canadian sea fish catch comes from the Gulf.

Topographically, the Middle Estuary, the Lower Estuary and

the Saguenay River form three distinct areas. The Lower Estuary is

dominated by the Laurentian Trough which is a 1000 km long glaciated

valley which crosses the Gulf of St. Lawrence and reaches the continental

shelf. The depths in the Laurentian Trough reach 350 m and it provides

a passage for the intrusion of shelf waters into the Lower Estuary.

the upstream end of the Laurentian Trough is a sill, separating the

At

Lower and Middle Estuaries, which has a depth of only 50 m. The Saguenay

River is really a fjord and is very long (about 92 km) and narrow (about

1-6 km) with high rock walls and deep basins which reach depths of about

250 in. The Saguenay is divided by two sills, the shallowest of which is

at the entrance to the fjord and is only 20 m deep.

The topography of the Middle Estuary is shown in Figure 1.1.2.

At the downstream end, the Middle Estuary is split into two distinct

channels by Ile aux Lievres (Hare Island). The South Channel is a broad

shallow region, while the North Channel is much deeper with depths reaching

180 M. just off Cap au Saumon. The two channels converge at the

- 6 -
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upstream end of Ile aux Lievres, but the Estuary is partially blocked

near Pte au Pic by a feature that has no official name but will be

called the Morin Bank. The maximum depth of water over this bank

is about 36 m and upstream of the bank the water deepens to about

85 m near Goose Cape. The main channel takes a distinct bend in

passing north of Ile aux Coudres and upstream of Ile aux Coudres

the Upper Estuary begins. It will be shown that the topography of

the Middle Estuary is a very important factor in the circulation

processes.

1.2 Data Base

Although a very large part of the resources of McGill

University, Laval University, The University of Quebec at Rimouski,

and GIROQU have been concentrated in the Gulf and Lower Estuary of the

St. Lawrence, very little physical oceanographic work has been done in

the Middle Estuary. The bibliography by E1-Sabh, et al. (1969) lists

about 230 publications dealing with the physical oceanography of the

Gulf and Estuary, but a very small number of them deal with the Middle

Estuary, although a large number of them acknowledge the contribution

of the Middle Estuary in determining the overall physics of the Gulf.

The data from the field surveys of 1974, 1975 and 1977 form

almost the total data base for the Middle Estuary which has been

collected on a systematic basis and is available in computer compatible

format for easy analysis. Tabular listings of the data obtained are

available in the Data Reports, and complete descriptions of the field

work are available in the Final Field Reports issued by the technical

officers in charge of the field logistics. All of the data is

available in computer compatible format to anyone who asks for it.



Since the data is freely available, no attempt will be made here

to exhaustively discuss the data collected or the details of the

collection systems.

The locations of the stations occupied during each of the

surveys are given in Figures 1.2.1 to 1.2.3 and a brief summary of

the relevant details of each of the profiling stations is given in

Tables 1.2.1 and 1.2.2. The identification number for a current

meter record consists of 13 characters of the form

yy-ssC-i=Zddd

where yy represents the year of the survey, ss represents the

survey location, mm is the mooring number and ddd is the depth

of the meter below chart datum in metres. For example, 74-12C-01Z005

specifies the record taken from a current meter that was deployed in

1974, in the Middle Estuary of the St. Lawrence (location 12), on

mooring string number 1 at a depth of 5 metres below chart datum.

The identification number for a profiling station consists of 7

characters of the form

yy-mm¢nr

where yy represents the year of the survey, m^nm is the station

number, and r is the repetition letter. For example, 74-001B

specifies a station occupied in 1974, at location 001 and is the

second set of data collected at that location.

In Tables 1.2.1 and 1.2.2 the column heading abbreviations

are: ND/NT, number of depths and number of times sampled; THW, time of

high water; R13/RA, tide ranges during station occupation.
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1975

TABLE 1.2.1. STATION SL:+Ll,ARY

Station
f:Z _ber

Date IID/tiT Start
f ( Ti-me

Stop TF-;,-
Tise

!

RB/RA Sowrding ?resh^:ater
Discharge
('f,ontreal)

75-001A 17.5.75 ^ 11/27 11:27 00:20 23:45 2.3/2.0 69.0 15810
14630

'S-G^:B 23.5.75 j 12/27 10:46 23:55 ! 17:45 3.1/2.7 56.0
14150

75-OO1C 5.6.75 11/27 16:20 5:25 1 04:25 2.2/2.3 52.0

75-002A 5.75 11/2718 11:15 00:28 1 12:00 2.5/2.8/2.3 34.0 15630

1
i75-0028

.
5.75 12/2724 11:47 00:54 18:35 3.3/2.9 36.0 14440

75-002C
.

10.6.75 11/27 10:21 23:22 19:35 ! 2.9/2.6 32.3 15960

75-003a 5.75 11/2619 02:41 15:55 13:25 2.3/2.6 53.0 15290

75-0038
.

25.5.75 11/14 11:17 18:28 ! 52.5 14290

175-004B 75 12/2730 5 11:02 00:08 19:20 3.4/2.9 56.0 14030

75-004B
. .

6.6.75 12/24 21:16 08:52 05:05 2.5/2.7 57.0 14630

75-005A 31.5.75 10/27 10:01 23:07 11:05 2.3/2.5/2.0 21.5 14400

75-005B
I

11.6.75 11/27 14:51 03:50 20:10 3.0/2.8 19.0 15810

75-006A

I

1.6.75 11/27 00:30 13:38

!

11:45 1.6/1.8/2.0 36.9 14440

75-007A 2.6.75 12/27 19:00 08:07 01:40 1.6/1.4 45.0 14550

75-008A 6.75 12/273

•

14:00 03:08 02:35 1.3/1.7/1.6 35.0 14330

75-008B
.

11.6.75 11/27 00:53 13:54 07:40 3.6/3.9 30.0 15810

75-009A 4.6.75 11/27 10:04 23:05 14:55 1.3/1.4 18.7 14220

75-010A 22.5.75 12/27 11:32 00:40 16:55 2.9/2.7 31.0 14550

75-010B 27.5.75 11/27 21:04 10:08 08:45 2.7/3.5/3.8 28.5 14590

75-010C 6.6.75 11/27 07:04 20:09 16:55 2.7/2.7 32.0 14630

75-011A ^ 20.5.75 10/27 07:48 20:54 14:40 2.3/2.5 .•20.0 14960

75-011B 28.5.75 8/27 11:30 00:36 21:25 3.5/2.9/2.5 19.5 14590

75-011C 9.6.75 10/27 03:47 16:51 06:30 3.2/3.4 18.0 15850

75-012A 19.5.75 11/27 17:17 06:23 02:10 2.4/2.2 18.0 15290

75-012B 29.5.75 9/27 08:01 21:05 09:40 3.2/3.4 17.3 14110

1 L^"-I!-"
GMP GMT M. a3 Sec.



TABLE 1.2.2
1977

STATION SL-4-VARY

St2tiQ::
\=be: Date ND/8i t Start

Stop ^

; Ti^ e

77-00?A 1 8.5.77 11/27 15:00
77-0013 61 13.6.77 11/27 00:30

(
77-002A 6.5.77 12/27 19:00
77-0;:28 29.5.77 9/51 06:00
77-002C 11.6.77 9/27 20:30
77-00-0 23.6.77 11/51 1 02:30

77-003A 4.5.77
77-003B 5.5.77
77-003C 28.5.77
77-003D 11.6.77

77-004A
77-004B
77-004C

4.5.77
10.6.77
29.6.77

77-005A 3.5.77
77-005B 9.6.77

77-006A
77-0063

2.5.77
8.6.77

77-007A
77-007B
77-007C

77-008A
77.008B
77-008C

11.5.77
21.5.77
25.6.77

11.5.77
21.5.77
24.6.77

9/10
9/26
8/47
9/27

8/27
9/27
9/51

9/27
9/51

10/27
10/27

12/27
12/27
11/51

11/27
11/27
10/51

18:30
16:00
03:30
06:00

04:00
15:30
05:30

13:30
13:30

22:50
23:31

05:30
08:00
11:30

20:00
22:30
09:30

77-009A 12.5.77 9/27 10:30
77-0098 22.5.77 9/27 15:00
77-009C 23.6.77 9/51 05:31

04:11
13:40

23:10
04:45

08:121 21:15
07:08 15:50/04:15
09:30 03:50
03:40 03:55

23:05
05:35
04:38
19 :08

19 : 35
20:20

14:55/03:25
15:15

17:04
04:39
06:37

02:39
14:38

12:18
12:39

18:45
21:10
12:43

09:10
11:40
10:38

23:38
04:11
06:38

07:00
03:00

17:35/05:55

18:50
13:05

06:20
00:50

13:50
08:45

13:05!01:55

02:40
09:25

12:00/00:50

15:00
21:55
11:10

IG/RA Soundiaô Freshaa:e_
Discharge

} !`ior.t:ea1!

2.9/2.5 74.7
2.2/2.4

3.7/3.4 61.0
2.3/2.5/3.1/3.21

2.1/2.2
3.0/3.2

4.1/3.8 29.5
4.0/3.6

2.0/2.2/2.5/2.5i
1.6/1.6

4.5/4.8
1.8/2.1/2.0
2.9/2.7/3.7/4.1

3.8/3.7
2.0/2.2/2.2

28.0

28.0

4.0/4.3
2.4/2.1

2.1/2.2
3.0/3.2/2.4
2.3/2.5/2.3/1.9

2.1/1.9
2.1/2.9/3.1
2.1/2.4/2.3/2.0

1.9/2.1
2.2/1.8

2.4/2.6/2.3/2.0

25.0

80.4

63.5

48.2

continued......



co^_tinueZ......

^ABL° 1.2.2 (con`t)

1977

STATION SL YYP-RY

St2ticn

.:u^er
Date ^`D/yT

Start
Time

^ Stop
Ti...e ^ ^/^ Sounding

Freshwater
Dis charge
(Montreaï)

77-OIOA 13.5.77 10/27 01:30 14:39 03:35 2.2/2.1/2.0 24.8

77-OIOB 20/5/77 10/27 16:59 06:11 20:45 2.2/2.3

77-OIOC 22.6.77 9/51 02:30 03:40 10:25 2.6/2.8/2.7/2.1

77-011A 13.5.77 8/27 15:30 04:30 16:05 2.0/2.1/2.3 17.0

77-0113 20.5.77 7/27 03:00 16:07 08:05 3.2/3.4

77-011C 21.6.77 8/51 00:30 01:37 09:35 2.8/3.0/2.4/2.2

77-012A 14.5.77 12/27 10:00 23:14 16:50 2.1/2.2 129.8

77-012B 18.6.77 13/51 10:01 11:14 20:30 3.3/2.5/2.3/3.0

77-013A 16.5.77 13/27 04:30 1 17:49 07:45 4.6/4.9 114.7

77-013B 17.6.77 12/51 08:00 09:11

1

19:55 3.3/2.2/2.3/3.1

177-014A 18.5.77 7/51 10:30 11:35
1

19:40 2.8/2.5/3.2/3.5 15.4

77^148 16.6.77 8/51 04:30 05:37 06:40 2.8/3.2/2.6/2.3

77-015A 15.5.77 8/51 01:30 02:36 05:20 2.6/2.7/2.4/2.3 16.3

77-015B
77-015C

14.6.77
14.6.77

8114
8/51

14:30
18:01

16:06
03:38 17:55 1.9/2.6/3.0/2.4



■••! 
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CHAPTER 2

The Physical Environment

2.0 Introduction

The Middle Estuary of the St. Lawrence River is characterized

by its horizontal and vertical variations in temperature and salinity.

Since temperature and salinity are the two major components of density,

their variability gives rise to the variability in density throughout

the Middle Estuary. It will be shown later that the tidally-averaged

density structure is one of the major controlling factors in the

circulation of the Estuary. In this Chapter, attempts will be made to

elucidate the variability, in both space and time, of the temperature

and salinity and of the tidally-averaged density. The approach, due to

a lack of physical theories of mixing, will be primarily statistical.

2.1 Temperature-Salinity RelationshiQs

At the extreme upstream end of the Estuary, the source of

fresh water is the St. Lawrence River which drains the Great Lakes basin.

The salinity of this water is essentially zero, since salt water

penetrates only as far as the Ile D'Orleans (Muir, 1975). The lowest

temperature, which is 1°C occurs in the spring and rises more or less

monotonically throughout the year to a maximum in the autumn. In the

course of the water's passage through the upper parts of the river, and

particularly such very shallow sections as Lake St. Peter, its

temperature is modified from that found in the outflow from Lake Ontario.



In the warm, sunny days of the spring, the water temperature is raised

considerably, while in the autumn its temperature is lowered.

The City of Quebec Waterworks Board has occasionally

measured the water temperature at the entrance to their filtration

factory which is approximately 2.5 km from the river. The intake is

located some 5 km upstream of the Pont du Quebec, is 3 m below chart

datun►,and the water takes approximately 56 minutes to get from the

river to the filtration factory (Roy, personal communication). Figure

2.1.1 shows that in 1977 the water temperatûre had a general trend

upwards over the summer, but that there was a fairly large noise leve],

attached to the general trend. Since the intake pipe is buried a

minimum of 3 m in the ground, the temperatures at the filtration

factory should fairly accurately reflect the water temperature in the

river.

25

2()

U
v

10 20 aU 5 15 25 30 5 15 25
May June Ju] y

Figure 2.1.1 Water temperature at Quebec City, 1977.



At the opposite end of the Middle Estuary is the Lower 

Estuary whose characteristics have been known for a number of years. 

The most recent descriptions may be found in El-Sabh (1979), 

Koutitonsky (1979) and Ingram (1979). There is a three-layer 

circulation pattern where the bottom of the intermediate layer is 

approximately 100 m deep. The intermediate layer is formed by 

advection from the Gulf and is mixed with the surface layer by means 

of breaking internal waves and vertical diffusion. The minimum 

seasonal temperature occurs in April and there is usually a temperature 

minimum at about 60 m depth. The water in the bottom layer is of 

little interest here since it cannot penetrate the 50 m deep sill at 

the top of the Laurentian Trough. There is a substantial input of 

fresh water into the surface layer from the Saguenay River. 

There is no substantial input of fresh water into the Middle 

Estuary between Quebec City and the Saguenay River and so it would be 

expected that a T-S diagram would show conservative mixing. This is 

true if a T-S diagram is plotted for an individual station. The 

magnitude of the correlation coefficient for each one of the 66 stations 

is seldom below -0.99 and the plots are remarkably linear. However, if 

a single T-S diagram is drawn for the Middle Estuary as a whole, the 

effects of the variability in the end members are immediately apparent. 

For the 5566 temperature-salinitY pairs measured on the 1975 

survey, which was concentrated around Pointe Au Pic, the correlation 

coefficient is -0.946 and the equation of the T-S line is 

S = -1.8601T + 30.4991 

For the 9801 temperature-salinity pairs measured in the 1977 survey, 
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which was further downstream than the 1975 survey and which covered

a longer length of the Estuary, the correlation coefficient drops to

-0.7835 and the equation of the T-S line is

S = -1.3933T + 30.7696

The standard errors of estimate for the slopes of the two lines are

0.00856 and 0.0112 respectively.

It is, therefore, impossible to relate density to either

temperature or salinity alone over the whole Middle Estuary at all

times. This is in spite of the fact that the T-S diagram for a single

station is linear, and that there is conservative mixing over the

Estuary as a whole. The properties of the end members change suffic-

iently rapidly that there is no generally applicable T-S relationship

that could be used, even over the one- or two-month period of a par-

ticular survey.

There is virtually no correlation between the slope of the

individual regression lines and the distance upstream, the distance

cross-stream, the depth of the water, the tide height, the square of the

tide height (energy) or the upstream water temperature. There is a weak

correlation between the slope of the T-S lines and the date, but the

correlation coefficient is not high and only 50% of the variance is

explained. Stepwise regressions on various linear combinations of the

above parameters do not reveal anything useful. Hence, it would not be

possible to monitor the density structure in the Middle Estuary by simple

means, such as recording the upstream water temperature for example.



2.2 Depth-Density Relationships

If it were possible to find a linear T-S relationship for

the whole Middle Estuary, then it could be argued that density was

related to salinity alone and then the conservation equations which

are known to hold for salinity would also hold for density. This

argument cannot be used on the St. Lawrence. Since there is no

easily discernible relationship between temperature and salinity,

there will be no simple relationship between salinity alone and

density.

One of the most important assumptions in any model of

estuarine circulation is that of the relationship between the depth and

the,tidally-averaged density. Two assumptions are typically made. The

first, and most critical,is that the depth-aensity relationship is of

the form

P(x.y>z) @ Po(x,y)D(z) (2.2.1)

That is, that the horizontal variation in the density is separable

from the vertical variation. The second assumption concerns the

mathematical form of the function D(z) .

In her book on internal waves, Roberts (1975) discusses a

number of different forms for D(z) that are usually used to represent

the vertical structure, but most of these forms are concerned with the

structures found in the open ocean and which are very unlike the tidally-

averaged density structures found in partially-mixed estuaries such as the

St. Lawrence. These
vertical distributions may be ignored with impunity.

There are two criteria which must be met by any usable vertical density

distribution and these are: that the analytical form must correspond

closely to the observed density distributions, and that the analytical
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form and its first derivative (which enters into the Brunt-Vaisala 

frequency) must have mathematically tractable properties. In this 

section an attempt will be made to explore the applicability of the 

separability hypothesis and to find an appropriate form for the 

relationship between depth and the tidally-averaged density. 

In the following three sections, three different models 

relating the tidally-averaged density and depth will be examined. The 

first model is a general exponential model of the form 

i; 	Po (x,y)exp( 	a.z i) 
1 	

(2.2.2) 
i=1  

which has the advantage that the Brunt-Vaisala frequency is then 

given by a polynomial in z . One of the most common vertical forms 

chosen to represent vertical density structures is a simple exponential, 

and so this form seems to be a natural one to try. The second model is 

one that Forrester (1974) found appropriate for the tidally-averaged 

density structure of the Lower St. Lawrence Estuary. The form used is 

given by 

= po (x,y)exp(a1 /z+a2 ) 	 (2.2.3) 

The third model to be tested is a generalization of that used by 

Magaard (1962) in his studies of the propagation of internal waves 

over topography. It is given by the form 

I 	, I 

= p o (x,y)(1 + 	a.z1 
i=1 1  

(2.2.4) 

Each of these models will be used in a least-squares fit 

of the tidally-averaged density structure at each of the 65 stations 

in the Middle Estuary. If the computer programs are written in a 
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general form, such that the constants in the vertical part of the

equation may be constrained to be constants over the whole estuary,

then it is possible to test the separability hypothesis by examining

the variation in these coefficients when they are allowed to vary

with each individual station.

2.3 The Exponential Model

The appropriate order of the polynomial in the exponential

model is not immediately obvious. Hence it is necessary to derive

the equations for a very general case. The individual stations will

be indexed by k , with the maximum number of stations being N and

a particular station being K . At each individual station, the

depths are indexed by j and the maximum number of depths at station

k is Mk . The powers of the exponential function are indexed by i

and the order of the polynomial is I , with a particular power given

by 2 . The observed tidally-averaged density at station k and

depth j is p k j while the computed density at the same location
, j

is
p c,k,j

and the jth depth at station k is zk . Then, taking
^^

logarithms of both sides of (2.2.2) gives

I
C^ i

£n(P c,kj kn(Po,k) + LaiZk,j, .li

The least-squares equation at the station K is



FE 

2 

£11( 	) - ftn(P 	) - 	a.zi  . = minimum ‘3K,j 	o,K 	1 K j i=1 	' 

and taking derivatives, with respect  ton(pK)  gives a set o, 

of N equations of the form 

r 

MK I 	
MK 

yn(P0,K) + î 	î a.z i  . = i Itn(p 	 ) 
1 Ki 	j .j. 	K,j 

The least-squares equation for all N stations is formed by adding 

•together the N equations of the form (2.2.5) and then, differentiating 

I times in succession with respect to at  gives the I normal 

equations of the form 

	

N Mi( 	 N M
k 

I 	 N 
r n- 4c,4 g,n(P 0,k) + 	 ell(p .) = 	z 

	

k=1 j=1 	 k=1 j=1 i=1 	
. 	

k=1 j=1 
k, i 	k,j 

 

Since there are N+I unknowns, these two forms of equations may be 

added together into one matrix equation of the form 
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M1 0

0 M2

0

M1 M2

jLlz1.j jLlz2,j

M1 M2

C z2

j=1 l,j

Ml 1 M2 1

j=lzl,j jâlz2,j

s

M1

0 j^lzl.j

M N Mk

N c^ z2
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...
c

z IN,JG

N Mk

E ^ ZI
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1+1
zk•j

N
1c ZI

...
k=1 jG=1zk.j

!Cn(Po,1)

in (P o ,N)

a1

a2

aI

(2.2.6)



equal to the number of stations, then . o,k 
is allowed to vary for 

This matrix equation is linear in the unknowns, and as 

a result, may be easily solved using any one of a number of 

proprietary routines. If N 	1 , then the surface, tidally- 

averaged density and the constants al  to a/  are allowed to vary 

with each station, but if the whole equation is used and N is set 

each station, but the constants al  to a/  are fixed for all of 

the stations. The appropriate degree for the polynomial may be 

determined by a step-wise regression process. 

Since the equations for the exponential model are linear, 

and therefore quick and easy to solve, a large number of computer 

runs were made with this model. Two types of test were done. First 

of all, five different forms of the polynomial were used; a simple 

monomial, quadratic, a cubic, a quartic, and a model used by Krauss (1966), 

the partial cubic, which is 

- 

p = p
o
exp(P

1 
 Z + a3

z 3 ) 

The second test was to group the stations into combinations in order 

to determine whether or not there were any significant differences in 

the various combinations. The combinations of stations were: all of the 

data as one group, the 1975 stations, the 1977 stations, the stations 

in the North Channel, and the stations in the South Channel. Table 

2.3.1 lists the results of the tests of significance for the various 

combinations of models and station groupings. The various combinations 

may be compared by using an F test (Snedecor and Cochran, 1967) and 

the analysis of variance results are listed here in the standard format. 

The column headed 'Sum of Squares' gives the sum of the squares of the 

observed minus the computed density. The column headed 'Mean Square' 
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gives the mean of the deviations squared and the square root of

this value is the standard error of estimate of the deviations in

units of gm/ ml.

For all of the station groupings, except for the South

Channel, the reduction in the variance of the deviations is quite

marked up to the cubic exponential. This is shown by the large

F-values. The reduction in variance gained by adding the quartic is

still significant for some of the groups at the .01 significance

level, but this reduction in variance is not particularly significant

in a practical sense. For example, for the All station grouping, the

standard error of estimate is increased from 1.13 to 1.14 sigma-t

units, while for the 1977 Stations the standard error of estimate is

reduced from 0.836 to 0.826 sigma-t units. Since the limit of

practical measurement of density is barely accurate to 0.01 sigma-t

units, this error reduction can have no practical significance.

The South Channel is clearly different from the rest of the

station groupings. In this area, there is no practical reason for

preferring a polynomial of order more than one, and this agrees with

the data, since the South Channel stations are very often, although not

always, vertically homogeneous.
Figures 2.3.1 through 2.3.5 give plots

of depth versus density for the five groups of stations and also the

curves derived from the exponential cubic model. The densities have

been normalized by dividing through by the surface density derived from

the exponential cubic model in order to remove the effects of the

varying surface density.
Figure 2.3.6 plots the surface densities from

the exponential cubic model on a chart of the Middle Estuary and gives

an indication of the variation that is in the Estuary. More will be

made of this variation in the section on the separability hypothesis.
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Table 2.3.1

TESTS OF SIGNIFICANCE FOR EXPONENTIAL MODELS

ANALYSIS OF VARIANCE

Source of Degrees of
Variance Freedom

Sum of Mean
Squares Square

1975 STATIONS

Exponential 226

Quadratic 225

Quadratic 225

Cubic 224

Partial Cubic 225

Cubic 224

Cubic 224

Quartic 223

1977 STATIONS

Exponential 333

Quadratic 332

Quadratic 332

Cubic 331

Partial Cubic 332

Cubic 331

Cubic 331

Quartic 330

0.000600861

0.000261755 0.000001163

0.000261755

0.000252302 0.000001126

0.000295437

0.000252302 0.000001126

0.000252302

0.000250175 0.000001122

0.000418612

0.000230111 0.000000693

0.000230111

0.000230108 0.000000695

0.000239104

0.000230108 0.000000695

0.000230108

0.000225070 0.000000682

291.6

8.4

38.3

1.9

272.0

0.0

12.9

7.4



Table 2.3.1 (continued)

Source of Degrees of Sum of Mean
Variance Freedom Squares Square

NORTH CHANNEL STATIONS

Exponential 331 0.000762494

Quadratic 330 0.000318194 0.000000964

Quadratic 330 0.000318194

Cubic 329 0.000281951 0.000000857

Partial Cubic 330 0.000384897

Cubic 329 0.000281951 0.000000857

Cubic 329 0.000281951

Quartic 328 0.000281734 0.000000859

SOUTH CHANNEL STATIONS

Exponential 228

Quadratic 227

Quadratic 227

Cubic 226

Partial Cubic 227

Cubic 226

Cubic 226

Quartic 225

0.000434806

0.000431116 0.000001899

0.000431116

0.000430485 0.000001905

0.000431781

0.000430485 0.000001905

0.000430485

0.000427053 0.000001898

460.9

42.3

120.1

4.00

1.9

2.5

1.43

1.8



Source of 	Degrees of 
Variance 	Freedom 

Sum of 
Squares 

Mean 
Square 

558 

557 

0.001431251 

0.000761594 

0.000761594 

0.000723718 

0.000857896 

0.000723718 

0.000723718 

0.000723457 

0.000001362 

0.000001297 

0.000001297 

0.000001297 

491.7 

29,2 

103 .45 

Table 2.3.1 (continued) 

ALL STATIONS  

Exponential 	560 

Quadratic 	559 

Quadratic 	559 

Cubic 	 558 

Partial Cubic 559 

Cubic 	 558 

Cubic 

Quartic 

5.() 

Useful F-Values: 

= 6.69 F
500,1,0.01 

=  F
500,1,0.05 	

3.86 
 

F
500,500,0.05 = 1.16  

F
500,500,0.01 = 1.23  

= F
200,1,0.01 	

6.76 
 

F
200,1,0.05 = 3.89  

F
200,200,0.05 = 1.26  

F200,200,0.01 = 1.39  
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2.4 Forrester's Model

Forrester's tidally-averaged density structure is given

by equation (2.2.3) and after taking logarithms of each side, the

least-squares criterion is given by

N Mk

L L LR,n(Pk^j
k-l j =1

12
- 9n(po,k) - al/zk.J +a2J = minimum

and so for each of the N variables, kn(poK) , the equation is

M K

Y I Rn(PK.j) - ^n(Po^K) - al/zK,j+a2
11
) ° 0

j=ll

while the two remaining normal equations are

^ [Rn(Pk'3) - Rn(pok) - al/zk,j+a2
JJJ

1 (1/zk^j+a2)J a0kl jiy
sl

N M l

N Mk

[*lIk,j2)2)j
(2n(kJ) - n(o,k) - a1/zk+a2lJ

k•l =1

0

where the notation is the same as in the last section. There are

the correct number of equations, but they are nonlinear and so

cannot be solved directly.

There are, however, a number of proprietary subroutines

that allow systems of nonlinear equations to be solved. The algorithms

all start from a guessed solution and then iterate until an answer is

found within the error limits chosen. The difference between the

various algorithms is in the method of iteration, and this difference

can be significant both in terms of computer time and in how the

algorithm handles multiple roots and singularities in the equations.
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The technique chosen in this instance is a quasi-Newton's method 

due to Brown (1967,1969) which was converted to Fortran and 

described by Muir (1975). The technique has been extensively 

tested and is very quick for this type of equation, which has no 

pathological mathematical properties. 

Rather surprisingly, when this model was run on all of 

the data, there were no significant statistical differences between 

Forrester's model and the exponential cubic model. It is surprisi ng 

 because when Forrester's model is expanded in a power series it 

looks very different from the exponential cubic. There are, however, 

practical differences. Forrester's model has the advantage of being  

monotonically increasing with increasing depth while the exponential 

cubic is not necessarily monotonically increasing, as can be seen 

from Figure 2.3.1, which plots the exponential cubic for the 1975 

data. The same thing is shown in Figure 2.3.2 which plots the 1977 

data. The result is that Forrester's model does not fit the deeper 

densities quite as well as the exponential cubic, but on the other 

hand it ensures that the Brunt-Vaisala frequency is never negative. 

This problem with the exponential cubic does not arise when all of 

the data is taken together, as is shown in Figure 2.3.3. 

2.5 Magaard's Model  

In his studies of the propagation of internal waves over 

topography, Magaard (1962) used a parabolic curve to fit the vertical 

tidally- averaged density structure. As in the exponential cubic 

model, it is possible to derive the equations in a general form and 
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then to determine statistically the appropriate degree for the

polynomial. by means of a step-wise regression. If the density

structure is assumed to be that given by equation (2.2.4), then

the normal equation for the Kth station is

MK I I

•^ PK, l Po^K^l + aizK, j, (1 + azl ) = 0
J1 i=1 i 1 1 K+J

=

and the normal equation for the Rth coefficient aR is given by

N M l^ I l

G G P2 - P2 (1+ I a. zl l J Po,k2 (aizk.J + zk1]
r = k °,kl i=1 1 k^71

k 1 J 1

0

where the notation is as before and the equations are again nonlinear.

The same algorithm may be used to solve these equations as was used

for Forrester's model.

After carrying out a step-wise regression, it was found

that the polynomial in the vertical structure should be of degree 2,

ie. 1= 2. This was using all of the data from the 1975 and 1977

surveys for the fit. Again, rather surprisingly, there was no

significant difference between Magaard's model and the others, as can

be seen in Table 2.5.1.

Model

Exp.Cubic

Forrester

Magaard's

Table 2.5.1 Comparison of three models on all stations.

In the above table, the standard error of estimate is in terms

-'39-

Sum of Squares

Deviations

.000724

.000749

.000751

Std.Error of

Estimate

1.139

1.158

1.159

F-Values

Forrester

1.04

Magaard

1.04

1.00



of sigma-t units, while the sum of the squares of the deviations are

in terms of gm/ml and there are approximately 559 degrees of

freedom in the estimates of the F-values. Hence there is no reason

for preferring one of the models over another, even at the 0.01

level, on a statistical basis. On a practical basis, the difference

of 0.02 sigma-t units in the standard error of estimate is too small

to be of any significance.

2.6 The Separability Hypothesis

Since all three of the models above are statistically and

practically indistinguishable, the exponential cubic was chosen as the

model to use when testing the separability hypothesis because it is

linear and requires much less computer time than either of the other

two. The tests above have assumed the hypothesis in that they have

allowed the horizontal variation, po(x,y) , to vary with each station,

but have required that the ai's be constant over the whole estuary.

By setting N- 1 in the matrix equation (2.2.6) it is possible to run

the model for each of the 65 profiling stations individually and hence

to let the constants ai vary with each station.

analysis of variance for the individual fits.

Table 2.6.1 gives the

Source of. Degrees of Sum of Mean square F

Variance Fr.eedom Squares Deviation

Regression 260 .004311897 .000016584

Deviations 378 .000016136 .000000427

267

Number of stations 65

Percent explained variance = 99.37

Maximum errors s-.656 to +.484 sigma-t units

Table 2.6.1 Analysis of Variance of the individual exponential cubic

models.
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The next table gives an analysis of variance for a comparison between 

the individual fits and the overall fit using the exponential cubic 

model. 

Source of 	Degrees of 	Sum of 	Mean Square 	F 
Variance 	Freedom 	Squares 	Deviations 

Individual 	378 	.000016136 	.0000000427 

Overall 	558 	.000723718 	.000001297 

9.2 

Table 2.6.2 Analysis of Variance comparing the overall to the 

individual exponential cubic models. 

The two tables show that the separability hypothesis is 

untenable in both a statistical and a practical sense over the whole 

estuary. In the overall fit, the amount of the explained variance 

was 81.1% for the exponential cubic, but for the individual fits the 

explained variance goes up to 99.4%. In addition, the maximum errors 

for the individual fits are much less than the standard error of 

estimate for the overall fit. Figure 2.6.1 gives a plot of the various 

fitted curves and the observed curves for three different stations. 

Station 75-001B is a typical station, station 75-001C is at the same 

location but has the worst fit in that the maximum errors for the 

overall fit occur at this station. Station 77-011C is in the South 

Channel and has the worst fits in terms of percentage error. Figure 

2.6.2 gives a plot of the surface densities from the individual 

exponential cubic fits on a chart of the St.Lawrence, and this figure 

may be compared with Figure 2.3.6. 
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2.7 Discussion  

This chapter has shown that the T-S relationships and the 

tidally-averaged density-depth relationships in the Middle Estuary of 

the St. Lawrence are complicated. Although the T-S relationship at 

an individual station is linear and reflects conservative mixing 

processes, there is no one T-S relationship that will hold over the 

whole Estuary. This is mainly because of the variability in the end 

members, which are the St. Lawrence River and the Lower Estuary. i t 

 is not possible to linearly relate the slope of the regression lines 

at individual stations to any of the parameters, or combinations of 

parameters, that would normally be considered to be of importance in  

mixing processes, such as; the tide height, the tidal energy, the  

properties of the end members, or the location in the estuary. Thi s 

 indicates that the mixing processes in the Middle Estuary  are  both 

complicated and nonlinear over both space and time, even though they 

are conservative and linear at a given instant in space and time. 

The implications of the complexity of the T-S relationship 

to other disciplines are worth considering. Many of the trace metal 

and particulate matter studies that are done in estuaries relate the 

concentrations of these materials to the salinity on the basis that 

both are conservative substances, and that therefore the salinity will 

act as a tracer for the other. This then allows a very few measurements 

of a trace  metal,  for  example,to be extrapolated over a much wider area 

using the more easily made salinity measurements. If then it is 

impossible to draw convincing 'average' contours of salinity on a chart 

of the estuary it should also be impossible to draw 'average' contours 

of.  any of the substances that are normally related to salinity. In the 
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case of substances which are known to be nonconservative, such as

organic carbon for example, then the situation should be even worse.

It seems to be very misleading to draw 'average' contours of, say,

salinity on a chart of an estuary such as the Middle Estuary, since

the variability is so high at each station. It is very tempting to

draw these contours, but this may only be so because there are normally

only a very few measurements made, and these measurements are seldom

repeated at the same station under different conditions. In the case

of the St. Lawrence, it is clearly misleading to draw overall

concentration contours which purport to be valid over many time scales

and in the case of other, similar, estuaries it may also be as misleading.

In the case of the tidally-averaged density structure, the

situation may be thought to be better, if only because the averaging

process reduces the variance considerably. However, an examination of

Figure 2.6.2 will show that this is not the case. It is not unusual to

find a 5 or 6 sigma-t range in the surface densities at a single station

and so one would expect the same variability to obtain with any other

conservative tracer.
Again, in the case of nonconservative substances,

the situation should be worse.

There are two unexpected results of the examination of the

depth density relationships. The first is that there is no significant

difference between the three models when fitted to all of the data. The

mathematical properties of the three models are very different, but

their ability to predict the tidally-averaged density structure is

equivalent. The second unexpected result is not that the separability

hypothesis is untenable in a very precise sense, but rather that the



results are so good when it is made. Although the separability

hypothesis is mathematically almost necessary if any analytical

modelling of the circulation is to be possible, there is no good

physical, reason for believing that it should hold. The fact that

81% of the tidally-averaged density variance can be explained while

retaining the separability hypothesis is quite reassuring.

In Chapter 7, an attempt will be made to show all of the

physical processes that control the circulation of the Middle Estuary

and their relationship with the tidally-averaged density structure.

There are a large number of these processes and they are generally

very complex. That a rather simple statistical relationship could

hold over an area as large as the Middle Estuary is very reassuring.

Over small areas, of course, the separability hypothesis should be

quite reasonable. When the exponential cubic was fitted to each

individual station, the overall explained variance was 99.4%, and this

is almost within the limits of experimental errors, since the standard

error of estimate is 0.21 sigma-t units.

Assuming that z is measured negatively downwards from the

surface, the three models of the tidally-averaged density structure

over the whole Middle Estuary are

p= p0 exp-(0.44297E-3z - 0.63481E-5z2 + 0.30311E-7z3)

P = p0 exp(0.3935/(z - 24.676))

P = po(1.0 - 0.71594E-3z - 0.61820E-5z2)i

2.7.1

2.7.2

2.7.3

where the value of po is different for each station and time.



The values of p 0 for the exponential cubic are shown in Figure 2.3.6.

This model tends to underestimate the densities at the downstream end

of the Estuary and to overestimate the densities at the upstream end

of the Estuary.



1 
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CHAPTER 3

The Tides of the Middle Estuary

3.0 Introduction

The barotropic, or surface, tides of the St. Lawrence system

in general have been the subject of an intensive amount of research

over the past 15 years. This interest has been largely due to the

necessity of providing accurate tidal predictions but has also been due

to interest in the fate of pollutants such as oil spills in Canada's

main shipping channel. The work has seldom been restricted to the

Middle Estuary, but has usually been concerned with the whole tidal

portion from the Straits of Cabot in the Gulf of St. Lawrence to the

St. Lambert Lock in Montreal, which is the maximum upstream penetration

of a measurable tide.

Work generally connected to the requirements of the

Hydrographic Service has been done by FarquIrson (1962, 1966), Forrester

(1967, 1972, 1974) and Godin (1971, 1979). The
work carried out by the

National Research Council for the Department of Transport consists of

the numerical modelling studies by Kamphius (1968) and Prandle and

Crookshank (1974). Other
work has been done at various universities

by Ouo'llet und (aic^ylu5 (1971), Aubin, Murty and E1-Sabh (1979), E1-::abh,

Murty and Levesque (1979), LeBlond (1978) and also by Pingree and

Criffi.ths (1980).

All of
this work, with the single exception of Forrester (1974),

has been concerned with the propagation of the
barotropic tide in its

passage up the Gulf, Estuary and River. The numerical models that have
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been developed have all assumed a homogeneous vertical density 

structure and have, as a result, been vertically integrated. The 

one-dimensional models have been integrated both vertically and 

across the river. As a result, then, the physics of the propagation 

of the surface tide are fairly well understood, in the sense that the 

numerical models adequately represent the observed water levels and 

the analytical models adequately predict the observed distortion of 

the tidal wave as it progresses upstream. The papers by Godin (1979) 

and by LeBlond (1978) give extended descriptions of the propagation of 

the surface tide in the whole system from two different viewpoints. 

Figure 3.0.1 is a plot of the water level elevations for two months at 

St. Jean Port Joli, which is slightly upstream of the Middle Estuary 

but which shows very adequately the type of tidal curve that occurs in 

the Middle Estuary. The curve is a prediction based on the analysis 

of one year's data and so represents purely tidal phenomona. 

Godin (1979) gives cotidal charts for the two tidal 

constituents K1  and M2  , but a brief description of the propagation 

of the M2 
constituent in the lower part of the system will give an 

indication of the tidal propagation. There is an amphidromic point 

about half-way between Prince Edward Island and Anticosti Island in the 

Gulf of St. Lawrence. The M2  tide then progresses upstream in the 

Lower Estuary, becoming a Kelvin wave, and continues as a Kelvin wave 

through the Middle Estuary, although it loses most of the cross-channel 

height difference as the Estuary narrows. By the time the wave has 

reached the Ile d'Orleans, the rotational effects have disappeared and 

the wave crest is virtually horizontal. 
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The phase of the M2 surface tide at the Saguenay River

is 220° and at St. Joseph de la Rive, near Ile aux Coudres, the phase

is 255.5°, and so the wave takes 35.5x2.07 a 73.5 minutes to make a

passage of 95 km. The mean celerity is therefore 77.6 km/hr. Since

the mean water depth in the North Channel is approximately l00m, the

phase speed should be about 112.8 km/hr, and so the M2 surface tide

in the North Channel could be considered to be part way between a

standing and a progressive wave. The sill stretching from Pte au pie

to the Morin Shoal, which shall be called the Morin Bank, provides an

adequate reflector as does the abrupt change in direction of the channe,

as it goes around Ile aux Coudres. On the south side, the phase at

Riviere du Loupe is 224.8° while at Pte aux Orignaux the phase is 251.10

so that the time of passage is 54.4 minutes, which gives an average

celerity of about 57.4 km/hr. The mean depth in the South Channel is

about 25 m which gives a wave speed of about 56.4 km/hr and would

indicate that in the South Channel, the M2 surface tide is a simple

progressive wave.

Explanations of the tidal currents in the Middle Estuary have

not been very successful. It has been realized for a number of years

that the 1939 Tidal Current Atlas is very inaccurate. The verification

of the two-dimensional numerical models of Prandle and Crookshank (1974),

Oul let and Cheylus (1971), Aubin, Murty and El-Sabh (1979) and E1-Sabh,

Murty and Levesque (1979) consisted of matching observed with computed

water levels, and little attempt was made to match the observed and

computed tidal currents. This is primarily because, until the St.Lawrence

Tidal Current Surveys of 1974, 1975 and 1977,there has been an almost



total lack of data for verification of the tidal currents. For some

of the models computed trajectories of the currents were shown, but

these computed currents bear no more than a passing relationship to

observed currents and would be completely useless in any operational

sense, such as computing the dispersion of oil slicks.

The purpose of this introduction has been to give a brief

description of the behaviour of the barotropic tide in the Middle

Estuary. In the following sections, attention will be turned to the

observed tidal currents and it will be seen that these tidal currents

do not behave in the relatively simple manner in which the surface tide

seems to behave.

3.1 Harmonic Analysis of the Tidal Currents.

A total of 44 current meter records has been obtained in the

Middle Estuary in the course of the three surveys. In 1974 and 1977 the

measurements were done using Aanderaa RCM4 or RCM5 instruments, while in

1975 Plessy PC6 instruments were used. The major difference between the

two types of meters is that the Aanderaa uses a Savonious rotor while the

Plessy uses a Roberts rotor. It has been shown, in the many inter-

comparison studies that have been done, that although the frequency

response of the two types of rotors is different at high frequencies,

there is very little difference at the lower, tidal frequencies. All of

the plots and mooring details are to be found in the St. Lawrence Data

Reports (Budgell and Muir, 1975; Muir, 1978; and Muir, 1979a), and these

details will not be listed here.

The preliminary analysis of the tidal current records was

carried out using the standard Canadian Hydrographic Service Tidal Streams



Analysis program, which is described by Godin (1972). The data were 

filtered and reduced to hourly values which were then analysed for the 

appropriate tidal constituents, with no related constituents used. In 

this Chapter, the phase of a tidal constituent is always given in 

degrees, referred to GMT. The current components are resolved about 

the east and north axes, while the upstream direction on the St.Lawrence 

is southwest. Therefore, the phase given is the time of maximum ebb 

current and not the time of maximum flood current as is usually given by 

 other authors. To convert one system to the other, 1800  must be added 

to both the phase and the inclination of the constituent ellipse. 

Because of the axes chosen, the inclination of the constituent ellips e  

gives the direction from which the flooding wave is coming and not the 

direction in which it is going. 

From the statistics of the analyses, the harmonic analyses of 

the current recordswere very good. The residual currents were quite 

small, the coefficient matrices were stiff, and the amount of explained 

variance was high. However, a closer inspection of the actual constituents 

showed that there was little consistency in the ratios of the analysed 

constituents from one record to another; the directions of the mean 

currents were very different from what would be expected in an estuary; 

the vertical distribution of the constituents at any given mooring was 

peculiar; and the phases of the tidal current constituents did not match 

with the phases of the surface tide constituents. It was expected that 

the tidal currents would progress up the river as a simple Kelvin wave in 

the same fashion as the surface tides, but this is clearly not the case, 

as can be seen from Figure 3.1.1. This Figure gives the phase of the M
2 

constituent for the surface tide and for the tidal currents at the 
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location of the measurements. The number in parentheses after the 

phase gives the depth of the current meter below chart datum in 

metres, and the arrow shows the direction of rotation of the constituent 

ellipse. 

If the assumption is made that the tidal currents are simply 

those directly related to a barotropic surface tide, then there are 

many anomalous features shown in Figure 3.1.1. First, the phases at any 

given depth cannot be contoured as a simple Kelvin wave, and, in fact, 

cannot be contoured in any meaningful way at all. Second, the phase 

speeds that can be calculated for a wave moving from mooring to mooring 

vary considerably and do not match with the wave speeds that can be 

calculated from the water level records. For example, it takes the 

surface tide about 30 minutes to travel from St. Simeon to Goose Cape, 

while the tidal current at 5 m depth takes 92 minutes to cover the same 

distance and, in addition, it arrives on the south shore at Pte. Aux 

Orignaux about 47 minutes before it arrives at Goose Cape. Third, one 

would expect that for a barotropic tide, the phase at any given location 

should be constant throughout the vertical with, perhaps, a slight phase 

lead for the bottom currents due to the effects of friction (Soulsby,1978). 

Fourth, since the M
2 surface tide is a Kelvin wave, one would expect 

there to be no rotation in the ellipse, or, at the very least, for all of 

the ellipses to rotate in the same direction. The presence of all of 

these anomalous features throws considerable doubt on the assumption that 

the tidal currents are due simply to a barotropic surface tide. 
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3.2 Admittance Analysis of the Tidal Currents

In order to check that there was no error in the harmonic

analysis method and also to gain more information from the tidal

current records, an admittance analysis was carried out on all of

the 1974 current meter records. Since this method is not widely

known,a description of it will be given here. The only other complete

description that is available is to be found in Godin (1976), where it

was used with success in the analysis of tidal currents in Robeson

Channel.

The basic idea is the same as the Tidal Spectroscopy methods of

Munk and Cartwright (1966), but very much shorter periods of record are

used and instead of using the equilibrium tide as an input function, a

well-resolved water level record is used. It is not necessary that the

water level record be physically very close to the current measurement

location, but only that it has the same tidal characteristics as would

the current meter record. It is assumed that there is a linear relation

between the tidal constituents derived from the water level record and

the tidal constituents which make up the tidal current record for each

frequency band.

If there are two time series, which may be assumed to be

linearly related, then the admittance (or the gain) between them, at

frequency o, is given by

c ((,) ^ C (a)/X(o)
»y

and the coherence is given by

YXy(a) s CXy(a)/(X(a)Y(a))1 (3.2.1)



e (a) = 	1 -1,2 Y( 20 1) 1[ 1J] 
1 

(1 - P) 
1 in ( 3 . 2.2) 

is the number of degrees of freedom in the estimate for and n G (a) 

where C 	is the cross-spectrum between the two series, x and y, xy 

and X and Y are the auto spectra of the two time series. 

Given the amplitude and phase of the admittance, a component 

of the series y may be predicted from the corresponding component 

of the series x simply by multiplying the amplitude of the compo nent 

of x by the admittance and by adding the phase of the admittance to 

the phase of x. 

Godin (1976) gives the confidence limits for the estimates or  

the admittance and the phase as 

where, P is the probability that the error will not exceed  e(ci), 

This means that there is a probability P that 

ICI -e elG i  I e IGI 	e 

arg(G) -e e arg(G') e arg(G) + e 

where C is the estimate of the true value G'. Bendat and Piersol 

(1971) give the confidence limits for the coherence function itself. 

In the case of the analysis of tidal current records, the 

input function is the water level record for a nearby tide gauging 

station and the u(east) and v(north) components of the tidal currents 

as the independent output records. So long as the input record can 

supply a well-resolved set of tidal constituents, it is then possible to 

calculate Gu (a), yu (a),  G(a)  and  y (a)  for a given bandwidth A 

and and 
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On the St. Lawrence, in the semidiurnal bands, for a bandwidth of

0.005 cycles/hr, the coherence between the input tidal elevation and

the tidal current components is seldom less than 0.98.

Once the admittances have been computed and the coherences

found to be satisfactory, the computation of the tidal constituents

is straightforward although somewhat tedious. If the input station

has a constituent with amplitude C and phase c, then the amplitudes

of the u and v components of the same constituent for the currents

are

A= IGuIC and B° IGvIC

and the phases are

a= c+ arg(Gu) and b = c+ arg(Gv)

where G and G are the admittances from the appropriate frequency
u v

band. This component form is not too useful, however, and so by going

through the standard algebra (Godin, 1972) it is possible to define

Ja+Jz Icosa + Bsinb)2 + (Bcosb - Asina)2JI

i

J= ((Acosa 2 + (Bcosb + Asina)2 1a_I - Bsinb)

a+ = arctanBcosb - Asina) / (Acosa + Bsinb) I

a_ = arctan(Bcosb + Asina) / (Acosa - Bsinb)J

(3.2.3)

and so the lengths of the major and minor axes of the constituent

ellipse are

M = Ja+J + ( a-J and m = Ja+J - Ja_J (3.2.4)



and the inclination and phase of the ellipse are

0 - ja + ja- and g - ia- - ia+ (3.3.51

It should be realized that these ellipse components are

not changed if 180 0 is added or subtracted to both the phase and the

inclination together. However, the inclination of the ellipse is

only invariant if one always takes the axes directions on the Earth's

surface as a constant. In this way, the inclination is an invariant

in the same way as the phase, since the phase is always referred to a

standard time, which is the phase of the astronomical constituent at

Greenwich. The only effect of using a different reference system is

to confuse everyone else and to introduce another source of error into

the calculations.

One of the theoretical disadvantages of the admittance method

is that the calculated admittances will vary, depending upon the

directions chosen for the resolution of the tidal currents. This simply

means that the admittance does not have any physical meaning. A second

theoretical disadvantage is that if the tidal currents are very nearly

rectilinear, as is often the case in estuaries, then the poor signal to

noise ratio may result in the poor resolution of one of the components.

This would only happen if the direction of resolution was exactly the

same as the direction of the current and so different components could

easily be chosen for the analysis. In any case, if the current is very

near rectilinear, then the semiminor axis of the ellipse would be the

only one poorly resolved and this component would be of little importance.



3.2.1 Application to the St. Lawrence  

Programs were written for the application of the admittance 

method to the 1974 St. Lawrence data, in order to check that the 

harmonic analysis programs were working correctly and also to try to 

make full use of the information in the tidal current records. The 

reference water levels used were the actual observed water levels at 

St. Jean Port Joli, which is somewhat upstream of the Middle Estuary, 

but which has a very long period of tidal record and whose tidal 

constituents are very well resolved. The hourly water levels were 

used as the input function while the filtered, hourly current 

observations in u and v components were used as the output functions. 

The admittances and coherences were calculated using a power of two 

Fast Fourier Transform. The mean and trend were removed from the data 

using a linear, least squares fit and a cosine taper put on the first 

and last tenths of the data to remove end effects. The raw spectral 

estimates were frequency 

36 bands. The estimates 

smoothed to produce estimates for both 12 and 

from the 36 band analyses were used to ensure 

that the admittance was not changing significantly within the tidal 

frequency bands and that the coherences were also constant within the 

tidal frequency bands. 

After the spectral analysis had been done for each of the 

records, the ellipse parameters were calculated for each of the data 

sets using the admittances and the 55 tidal constituents from a one-year 

harmonic analysis of the St. Jean Port Joli water level record. Using 

these ellipse components, the tidal currents were then predicted for 

each of the periods of record for the observed currents, and then the 

residual currents were calculated by subtracting the predicted currents 

from the observed currents. 
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Table 3.2.1 shows a comparison between the residuals

derived from the harmonic method and the residuals derived from the

admittance method. The residuals from the harmonic method are

smaller than the residuals from the admittance method and this would

indicate that the harmonic analysis provides a better analysis

procedure than the admittance method. The reason for this is not

difficult to find. Table 3.2.2 provides the coherences computed in

three of the frequency bands for each record. The coherences are

very high in the semi-diurnal band, poorer in the diurnal band and

poorer still in the quarter-diurnal band. Since most of the energy

in the tidal signal is in the semi-diurnal band, the signal to noise

ratio in the other bands is too much for the admittance method to

cope with, and this is why the harmonic method provides a better fit,

although both methods reduce the residuals to acceptable levels.

Table 3.2.3 gives a comparison of the M2 ellipse parameters

for each of the 1974 current meter records and since the coherences

in the semi.-di.urnal band are high, these two sets of constituents are

quite close. The admittance analysis shows, then, that there is no

major fault in the harmonic analysis of the current meter records and

that all of the discrepancies mentioned in Section 3.1 require a

physical explanation.

The major advantage of the admittance method of analysis is

that it allows the analysis of relatively short periods of record in

which it would be impossible to separate the individual tidal

constituents by means of the harmonic method. This is possible since

it is assumed that the relationships between the constituents in any



Mooring
OBSERVED VARIANCE HARMONIC RESIDUALS ADMITTANCE RESIDUALS

Number U V R-u R-v V-u V-v R-u R-v V-u V-v

01Z005 3485.11 3172.22 76.00 219.00 153.61 698.60 116.57 254.69 338.27 1549.29

01Z015 2319.23 7963.10 55.00 98.00 70.41 158.00 79.10 139.12 149.82 412.37

04Z005 4905.00 5852.45 47.00 49.00 52.11 54.22 71.66 78.93 263.83 190.40

04Z010 2761.41 5343.28 55.00 58.00 62.11 69.89 81.31 74.91 203.18 194.55

07Z015 744.66 2697.96 75.00 78.00 56.01 78.05 92.51 110.57 90.96 145.47

07Z040 334.90 1462.88 48.00 80.00 21.92 50.37 58.44 80.59 32.98 85.02

11Z011 246.30 1794.24 41.00 48.00 31.80 48.41 51.10 60.96 59.09 102.09

11Z021 189.74 472.89 23.00 32.00 14.00 20.39 26.91 46.68 22.93 36.80

11Z056 853.78 1586.43 53.00 68.00 27.59 39.89 50.66 60.97 56.79 103.86

TABLE 3.2.1 Residual Statistics for 1974 St. Lawrence Moorings. Observed Variance is the variance of

the observed tide, for east and north components. R-u and R-v give the range in the

residuals for the u and v components. V-u and V-v give the variance in the residuals

for the u and v components. Admittance residuals calculated using 55 tidal constituents.



Mooring 	Diurnal 	 Semi-diurnal 	Quarter-diurnal 

Number 	Band 	 Band 	 Band 

u 	v 	u 	v 	u 	v  

01Z005 	.911 	.431 	.988 	.810 	.914 	.721 

01Z015 	.910 	.947 	.992 	.990 	.780 	.312 

04Z005 	.961 	.915 	.988 	.997 	.859 	.776 

04Z010 	.892 	.912 	.984 	.995 	.899 	.799 

07Z015 	.557 	.947 	.995 	.997 	.832 	.903 

07Z040 	.805 	.952 	.995 	.997 	.974 	.958 

11Z011 	.796 	.979 	.982 	.998 	.917 	.582 
11Z021 	.919 	.971 	.990 	.996 	.852 	.802 

11Z056 	.961 	.934 	.995 	.995 	.726 	.757 

Table 3.2.2 Coherences for three frequency bands, u and v components, 

for the 1974 St. Lawrence moorings. 

Mooring 	Harmonic Components 	 Admittance Components 
Number 	M 	m 	e 	e 	m 	m 	e 	g----- 
01Z005 	97.2 	5.1 	37.6 	45.7 	90.4 	1.9 	35.2 	4 8.8 
01Z015 	136.1 	1.6 	62.0 	31.4 	131.4 	- .1 	61.8 	34.8 

04Z005 	140.3 	-9.6 	47.3 	22.9 	133.7 	-8.2 	47.9 	27.1 
04z010 	121.4 	-8.7 	54.0 	12.1 	115.2 	-8.1 	55.2 	16.6 

07Z015 	77.4 	-5.9 	62.0 	25.1 	75.6 	-6.0 	63.3 	29.6 
07Z040 	52.6 	19.4 	73.4 	18.8 	50.7 	18.5 	73.6 	21.7 

11Z011 	56.0 	3.0 	74.5 	33.2 	54.6 	3.0 	74.6 	39.2 
11Z021 	31.8 	6.1 	60.9 	13.2 	30.7 	5.7 	59.8 	19.0 
11Z056 	64.6 	-2.0 	54.2 	-5.4 	62.7 	-1.9 	54.2 	-1.7 

Table 3.2.3 Comparison of ellipse components for the M2  derived 

from the harmonic analysis and the admittance analysis. 
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given frequency band are known from the analysis of the water level

record. Therefore, some re-analysis of the 1974 data was done in order

to examine the assumption that the tidal currents are due to a

barotropic surface tide.

The first of the re-analyses was performed on the two sixty-

day records 74-12C-07Z015 and 74-12C-07Z040 which were located in the

middle of the Estuary, just off Pointe Au..Pic. These were analysed in

two thirty-day sections and then in four, fifteen day sections.

Tables 3.2.4 and 3.2.5 give the results of the analyses for each

component along with the associated errors. The errors are in degrees

and associated with the error in the estimate of the phase. They are

calculated using equation (3.2.2) and if this
error is divided by

57.2958, it will give the error in the magnitude of the transfer

function.

It should be noticed from these two tables that the amplitude

of the semi-diurnal band is fairly stable, but the phase of the semi-

diurnal band and the amplitudes and phases of all of the other bands

are not at all stable. In particular the third-diurnal and the eighth-

diurnal bands are very variable. This instability does not seem to be

associated with the coherence estimates as may be thought reasonable.

One would expect that the lower coherences should be associated with

the more extreme estimates of the phase and amplitude, but this does not

seem to be the case.

The immediate inference that can be drawn is that the tidal

currents on the St. Lawrence are not very predictable. Using the

analysed constituents from any particular one of the 15-day analyses, one

could not predict the currents in another of the 15-day periods with any
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U-COMPONENT V-COMPONENT
BAND RECORD

AMP. PHASE COHER. e AMP. PHASE COHER. c

let 30 days 2.043 145.56 0.5570 16.88 7.532 124.94 0.9465 3.86

2nd 30 days 1.815 158.00 0.7496 9.99 6.770 124.17 0.9607 3.25

Diurnal let 15 days 1.777 210.85 0.6944 16.77 8.609 124.60 0.9685 4.16

2nd 15 days 3.453 119.52 0.8256 11.06 6.491 121.62 0.9553 5.01
3rd 15 days 1.748 172.10 0.8159 11.47 6.914 122.38 0.9623 4.57

4th 15 days 2.088 137.27 0.7686 13.47 6.643 124.44 0.9611 4.65

let 30 days 5.699 120.87 0.9954 1.06 10.986 109.72 0.9967 0.91
2nd 30 days 5.786 111.90 0.9877 1.82 11.278 102.65 0.9955 1.06

Semi lot 15 days 5.523 120.36 0.9960 1.45 10.353 109.52 0.9975 1.15

Diurnal 2nd 15 days 5.867 120.07 0.9977 1.10 11.516 109.44 0.9984 0.92
3rd 15 days 5.239 114.88 0.9974 1.26 11.215 105.07 0.9981 1.00
4th 15 days 6.308 109.09 0.9890 2.42 11.160 100.95 0.9906 2.23

lot 30 days 6.442 80.98 0.5022 2.58 26.017 -36.01 0.7428 10.22
2nd 30 daye 5.430 50.49 0.1969 56.39 25.761 -31.23 0.6960 11.66

Third lot 15 days 3.820 49.87 0.3457 43.93 26.479 -42.84 0.7171 15.73

Diurnal 2nd 15 daye 7.975 87.09 0.6094 21.05 22.904 -39.08 0.8010 12.10

3rd 15 days 14.646 129.19 0.4754 29.95 20.950 -57.23 0.6457 19.14

4th 15 days 16.742 -26.80 0.6640 18.22 32.842 -17.79 1 0.8393 10.48

let 30 days 21.660

2nd 30 days 17.570 14.14 0.7432 10.14 24.224 - 5.74 0.8006 8.48

Quarter let 15 days 29.277 63.24 0.9299 6.40 45.993 1.82 0.9126 7.25

Diurnal 2nd 15 days 16.906 36.80 0.8134 11.57 29.440 -- 3.15 0.9607 4.68

3rd 15 days 10.880 42.57 0.5615 23.85 33.470 - 1.05 0.8826 8.62

4th 15 days 23.198 7.24 0.951 8.06 19.024 - 6.40 0.7166 15.76

Sixth

Diurnal

El^;hth

Diurnal

let 30 days

2nd 30 days

lot 15 days

2nd 15 days

3rd 15 days

4th 15 days

let 30 days

2nd 30 days

let 15 days

2nd 15 days

3rd 15 days

4th 15 daysJ

19. 765

23.315

25.651

23.029

32.517

21.015

15.222

27.326

68.541

19.520

62.661

25.135

48.81 0.8318 7.57 37.722 - 1.51 0.9029 12.57

8

68.95

56.42

30.99

76.67

35.03

61.00

24.92

9.39

-67.72

48.98

-18.57

17.09

0.7587

0.7818

0.6911

0.9223

0.8251

0.8202

0.3524

0.7345

0.7745

0.5238

0.7962

0.8542

9.76

9.01

16.92

6.78

11.08

11.29

30.12

10.45

13.22

26.32

12.30

t 9.85

28.220

25.201

27.431

26.906

15.355

27.356

27.297

22.314

45.960

31.030

33.920

22.585

21.84

4.69

8.95

22.48

-14.24

9.26

-43.59

-65.84

-138.30

-33.30

-92.13

-61.57

0.8681

0.6877

0.8331

0.9325

0.4794

0.6945

0.6274

0.6857

0.6916

0.7962

0.6754

0.7043

6.51

11.96

10.74

6.27

29.62

16.77

14.08

12.04

16.90

12.30

17.67

TABLE 3.2.4 Admittance analysis for mooring 74-12C-07Z015 for various segmente of

the original record. Errors are for the 90% confidence level.



BAND 	
U-COMPONENT 	 V-COMPONENT 

RECORD 

_ 	 AMP . 	PHASE 	CORER. 	c 	AMP. 	PHASE 	COHER. 	c 

	

lst 30 days 	2.187 	47.37 0.8054 	8.34 	7.011 	90.78 0.9523 	3.63 
2nd 30 days 	2.530 	35.48 0.9093 	5.19 	6.763 	88.49 0.9759 	2.53 

	

Diurnal lst 15 days 	3.033 	63.60 0.9664 	4.30 	6.523 	91.03 0.9127 	3.86 

	

2nd 15 days 	1.637 	26.73 0.7439 	14.54 	7.172 	91.80 0.9432 	5.70 

	

3rd 15 days 	2.264 	34.18 0.8851 	8.51 	6.856 	85.62 0.9848 	2.85 

	

4th 15 days 	2.677 	40.86 0.9294 	6.43 	6.380 	93.59 0.9664 	4.30  

	

lst 10 days 	3.725 	52.96 0.9954 	1.09 	7.949 	109.64 0.9972 	0.85 

	

2nd 30 days 	3.887 	45.33 0.9941 	1.24 	8.140 	102.99 0.9941 	1.24 
Semi 	let 15 days 	3.792 	52.90 0.9974 	1.17 	8.050 	108.70 0.9990 	0.72 

	

Diurnal 2nd 15 days 	3.669 	51.64 0.9948 	1.66 	7.895 	109.17 0.9972 	1.21 

	

3rd 15 daye 	3.816 	46.30 0.9983 	0.94 	8.276 	106.03 0.9990 	0.72 

	

4th 15 da s 	3.970 	43.96 0.9923 	2.02 	8.077 	100.22 0.9933 	1.88 

	

lst 30 days 14.115 	170.05 0.7144 	11.10 	16.289 	116.59 0.6147 	14.62 

	

2nd 30 days 20.070 	182.98 0.7312 	10.57 	35.282 	120.86 0.8236 	17.80 

Third 	lst 15 days 	9.071 	157.58 0.6526 	18.79 	28.632 	124.01 0.7820 	12.90 

Diurnal 	2nd 15 days 16.714 	171.51 0.7639 	13.67 	9.069 	86.79 0.5432 	25.01 

	

3rd 15 days 18.559 	176.18 0.7959 	12.31 	38.432 	114.53 0.8845 	8.54 

	

4th 15 days 20.111 	184.57 0.6571 	18.56 	33.189 	121.52 0.8023 	12.04  

	

1st 30 days 17.667 	-129.88 0.9735 	2.66 	27.901 	129.93 0.9584 	3.38 

	

2nd 30 days 15.019 	-129.48 0.9011 	5.26 	24.215 	118.43 0.9129 	5.07 

	

Quarter lst 15 days 12.872 	-127.85 0.9736 	3.79 	21.736 	125.82 0.8962 	8.01 

	

Diurnal 2nd 15 days 19.695 	-132.44 0.9914 	2.14 	29.955 	129.58 0.9771 	3.52 

	

3rd 15 days 11.367 	-110.59 0.9714 	3.96 	30.492 	131.50 0.9376 	6.00 

	

4th 15 da  a 17.792 	-137.14 0.9399 	5.88 	22.636 	111.00 0.9359 	6.09 

	

1st 30 daya 15.162 	213.43 0.6252 	14.15 	32.715 	157.56 0.8786 	6.16 

	

2nd 30 days 11.701 	176.08 0.5941 	15.34 	36.610 	136.01 0.9028 	5.40 

Sixth 	1st 15 days 19.567 	126.23 0.6938 	16.80 	26.869 	121.66 0.8528 	9.91 

	

Diurnal 2nd 15 days 21.756 	226.42 0.8793 	8.77 	37.741 	162.20 0.9256 	6.62 

	

3rd 15 days 19.637 	142.55 0.6999 	16.51 	49.012 	124.95 0.9164 	7.07 

, 	4th 15 days 13.203 	194.35 0.7137 	15.88 	37.392 	139.20 0.9183 	6.98 

	

lot 30 days 16.578 	-128.91 0.5596 	16.78 	19.164 	132.04 0.4745 	21.02 

	

2nd 30 days 14.842 	-123.05 0.4686 	21.36 	21.316 	122.90 0.5589 	16.81 

Eighth 	lst 15 days 43.407 	-117.75 0.6393 	19.46 	71.625 	71.77 0.8476 	10.13 
Diurnal 

	

2nd 15 days 14.045 	-132.81 0.6295 	19.97 	19.164 	155.72 0.6021 	21.46 

	

3rd 15 days 68.453 	-138.30 0.8900 	8.29 	85.071 	96.74 0.8904 	8.27 

	

4th 15 da a 10.935 	-110.73 0.4768 	29.83 	17.002 	135.76 0.6471 	19.07  

Table 3.2.5 Admittance analysis for mooring 74-12C-07Z040 for various segments of 

the original record. Errors are for the 90% confidence level. 
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degree of accuracy. The main carrier signal, which is the semi-

di.urnal band,would not be very far out in terms of amplitude, but

its phase would certainly be incorrect and the modulations due to

the other frequency bands would be considerably wrong.

A second observation about the analyses is that there does

not seem to be any consistency in the variations in the transfer

function from one record to the other. These two records were obtained

from the same mooring, over the same time period. One of the meters was

at 15 metres depth and the other was at 40 metres depth. If the vertica

velocity profile due to a barotropic surface tide is considered to be

linear or semi-logarithmic, then the ratios of the amplitudes of the

admittance should remain more or less constant and the phase differences

should also remain constant throughout the vertical, but neither of

these things happens.

The third observation that may be made about the analyses

concerns the coherences. If the tidal currents at the two meters are

caused by the same barotropic tide, then the signals should be related

to each other linearly and the coherence between them should be exactly

1. Since the same water level record is used as the input signal for

both tables, the coherence over any given period for the u-component,

sciy, should be identical in each table. This does not happen, except

possibly in the semi-diurnal band, where the coherences are so high that

it is difficult to distinguish between them.

One of the most puzzling features of this first re-analysis of

the data is the instability in the phases of the admittances. The major

assumption of tidal theory is that the amplitude and phase of a tidal

constituent must remain constant with time. Otherwise, there could be

no hope of predicting the tides. The success of Tide Tables testifies
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to the reasonableness of this assumption. A second re-analysis of

the 1974 St. Lawrence data was carried out to determine whether or

not there was any pattern in the instability of the admittances.

This second re-analysis consisted of analysing three, contiguous,

non-overlapping segments of 236 hours each, for each of the 1974 current

records. The length of 236 hours was chosen because it is exactly 19 M2

tidal cycles; it contains part of a spring tide and a neap tide cycle;

and, with 12 frequency bands for the spectral analysis, retains 19.5

degrees of freedom in the estimates so that they have a reasonable

amount of significance. For each of the 1974 records, the first three

segments were analysed and the phases of the M2 constituent calculated.

The results are in Table 3.2.6. where the difference in phase between the

phase of the segment and the phase of the whole record is given along

with the error in the calculation of the phase.

Mooring
Number

Phase
Total
Record

Phase Difference

1 2 3

Phase Error

1 2
3

01Z005 45.70 1.02 16.46 0.58 5.94 9.70 19.24
029

O1Z015 31.40 3.50 9.62 1.39 3.33 5.60 .

04Z005 21.90 2.26 12.68 1.37 5.12 6.44
865

5.63
8.57

04Z010 12.10 0.94 12.00 3.91 4.08 .

07Z015 25.10 4.35 8.10 4.81
07Z040 18.80 2.45 10.09 1.56

11Z011 33.20 5.13 9.31 5.00 5.00
473

7.13
4.92

4.65
8.06

11Z021 13.20 6.15 6.39 6.36
- 10

.
7.00 4.49 2.68

11Z056 -5.40 3.28 10.72 .

Table 3.2.6 Instabilities of the M2 phase from the 1974 moorings.



The calculated errors for the phase are quite large for each 

case, which reflects the short period of record used for each of the 

analyses. However, there is a pattern  which emerges from the phase 

differences. For all of the records, there is a distinct phase shift, 

which is always in the same direction, from the first to the second 

ten-day segment and then another phase shift, back again, from the . 

second to the third ten-day segment. The magnitude of these phase 

shifts is different for each of the records, and some of them, on a 

purely statistical basis, are not significant phase shifts. However, 

the fact that all of them are in the same direction is significant •  it 

would argue that this phase shift is related to the differing portions 

of the spring-neap cycle in each of the ten-day records. 

Comparing these phase shifts to the M2  phase shifts shown in 

Tables 3.2.4 and 3.2.5 for the successive 15-day segments is revealing. 

In the 15-day segments, there is one complete spring-neap cycle and the 

phase shifts are always in the same direction. That is, the phase of 

the M
2 

consistently lags from one 15 -day segment to the next. In the 

10-day segments, there is an unequal portion of the spring-neap cycle 

in each of the records and the phase of the M
2 

lags from the first to 

the second segment and then returns almost to its original value by the 

third segment. Taking the two together it seems that the phase of the 

M2  is unstable and that this instability has both a fortnightly 

component in it as well as a longer period component. To obtain good 

estimates of these variations in the phase of the M2  , or any other 

constituent, would require a large number of very long period tidal 

current records and these are not available at the present time. 
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The fact that the harmonic analysis and the admittance

analysis, on the whole, agree, would argue that there is no error

in either method of analysis and that the observed inconsistencies

in the tidal constituents and the instabilities of these

constituents are a real, physical phenomena in the Middle Estuary

of the St. Lawrence. It is necessary, therefore, to find an ex-

planation for them.

3.3 The Propagation of the Tidal Currents.

The use of the admittance method in the analysis of the 1974

tidal current records has shown that neither the amplitude nor the

phase of the tidal constituents at a given location in the Middle

Estuary is a constant. Since both of the methods of analysis are

essentially least-squares, curve fitting exercisesrand since neither of

the methods makes use of any fluid dynamical principles other than those

involved in choosing the fr.equencies for the curve fits, it is not the

fault of the analysis methpds that they give results which are

inconsistent with our understanding of tidal processes. However, this

understanding of tidal processes rests on the assumption that the tidal

currents in the Middle Estuary result from the propagation of a simple

barotropic tide.
On the other hand, it is a simple matter to explain

the observed phen<,mc na if
this assumption is dropped, and the tidal

currents are considered to be the result of not only barotropic tides

but also baroclinic tides.

There are two major reasons for expecting to have internal

tides present in the Middle Estuary. In Chapter 2 it was shown that

there is considerable vertical density structure in the Estuary and, if
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ti(x,z,t) ,-Ya..(z)cos(at+-x) ki  
i.0  

(3.3.1) 

there were  internai  tides generated, these would be allowed to 

propagate because of this vertical density structure. The second 

reason for expecting the presence of internal tides is that 

Forrester (1974) found them present in the Lower Estuary, where they 

were shown to be generated by the abrupt change in depth associated 

with the end of the Laurentian Trough which is at the downstream end 

of the Middle Estuary. LeBlond and Mysak (1978), reporting on the 

work of Rattray and his co-workers (1960 onward), point out that 

internai  waves may be generated by a step-like change in topography, 

and although the work of Rattray is concerned with the seaward 

propogation of these waves e  there is also a landward propagation. It 

is this landward, or upstream, propagating set of , waves which would 

be found in the Middle Estuary. ' 

. 	Given that there are reasons to suspect the presence of 

internal tides in the Middle Estuary b  it is  possible to. show that they 

could be used to explain the anomalous features in the amplitudes and 

phases of the tidal currents. This will be done here in a very simple 

fashion, and the remaining chapters will be used to make the explanation 

much more quantitative. 

Assume a uniform channel with a constant surface density and 

an appropriate vertical density structure and that a surface tide of 

frequency, o , is generated at one end of the semi-infinite channel. 

Then if this surface tide also generates internal modes of the same 

frequency, then at a distance x from the origin, the current will be 

given by 
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where; ai is the amplitude of the ith vertical mode at depth

z; t is time; k1 is the horizontal wave number associated with

the ith vertical mode; x is the distance from the generation

point and m is the total number of vertical modes with the zeroth

mode being associated with the barotropic tide. Using standard

trignometric identities, equation 3.3.1 may be transformed into

u(x,z,t) - AMP cos(at + PHASE)

where;

AMP = [f m 2 m 2 1

i^aicoskix + Î aisinkix

1s0

m m

PHASE = arctan I a.sink.x 1^Oaicoskix

i-0 1
1

1/ '

(3.3.2)

and so the current at any distance from the source could still be

described by a cosine of the appropriate frequency, but both the

amplitude and the phase of this cosine would be functions of the

amplitude and phase of the modes as well as a function of the distance

from the source.

To give an example of how this process could affect an

estuary such as the St. Lawrence, assume that a surface tide at the

M2 frequency generates three internal modes at xsm 0. If the wave

properties are as in Table 3.3.1, then equation (3.3.2) may be used

to calculate the amplitude and phase of a'tidal constituent' at

various distances from the source of the internal waves. The values

are given in Table 3.3.2. It can be seen, then, that even with very
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Mode Max.amplitude Amplitude Wave-number
Number (m/sec) at 10 m depth (rad/km)

0 0.50 0.50 0.00406
1 0.21 0.17 0.1093
2 0.15 0.03 0.2389
3 0.08 0.04 0.3570

Table 3.3.1 Wave parameters for the example in Table 3.3.2

Distance Amplitude Phase Phase
(km) (m/sec) (deg) Barotropic

60 0.647 19.65 13.96
65 0.647 23.35 15.12
70 0.584 30.07 16.28
75 0.543 42.93 17.45
80 0.506 34.86 18.61
85 0.374 29.89 19.77

Table 3.3.2 Amplitude and phase of a 'tidal constituent' at

various distances from the source compared with

the phase of the barotropic tide.

modest internal waves in a simple channel, the phase and the amplitude

could look quite confusing and bear little resemblance to the amplitude

and the phase of the barotropic tide which generates the internal waves.

It should also be noted that the same sort of variability would emerge

with depth,al.though there would not be a simple relationship between

the amplitudes or the phases at various depths and, in addition, the

depth variation would change with location. This is the same sort of

pattern that is found on the St. Lawrence.
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If the St. Lawrence were a uniform channel with a constant

density structure, then the amplitudes and phases of the internal

waves could be calculated from a number of simultaneous current meter

records in a fairly restricted area. This information could then be

used to predict the tidal currents at any point in the Estuary from

the knowledge of the amplitudes, phases and wave numbers at the source.

However, quite apart from the fact that the St. Lawrence is not a

simple channel and has large and important topographic features, it was

shown in Chapter 2 that the density structure itself is quite complicated.

Since the density structure is a complex function of both space and time,

then the wave numbers and the modal structure at the generation point

would be a function of time and the propagation properties of the internal

tides would also be a function of both space and time. Hence the tidal

currents at any given location will be a function of time as well as a

function of the density structure which lies between the measuring point

and the generation point.

The final piece of evidence that the observed currents in the

Middle l:stuary are not due to simple progressive waves is that some of

the analysed tidal vectors rotate the wrong way. In a channel, there

are only two types of waves possible and these are Kelvin waves and

Poincare waves (Vermersch and Beardsley, 1976). Kelvin waves only

produce currents parallel to the direction of propagation and so the

ellipses associated with them have a zero minor axis. Poincare waves do

have a cross-channel current component, but they can only produce current

ellipses which rotate in a counter-clockwise direction in the Northern

Hemisphere (Proudman, 1952; Mortimer, 1973). This means that the sign

of the minor axis of the current ellipse must be positive, but in any
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list of the tidal constituents for the St. Lawrence (and for many 

other locations) the sign of the minor axis is frequently negative, 

which indicates that the current ellipse rotates the wrong way. 

One way in which this could happen is for the 'tidal 

constituent' to be the sum of two progressive, plane waves which are 

of the same frequency, a , different phase, and which have an angle 

0 between their propagation directions. If the two waves are 

U
1 
 = ulcos(at + y 

U2 = u2
cos(at + 4)

2
) 

then taking the components parallel and perpendicular to 111  gives the 

resultant current components 

u = /A2  + B2  cos(at e,) 

v = u
2
sinecos(at + cp

2
) 

where 

A = u
1
cos(I)

1 
+ u2cosOcos4 2  

B = u
I
sin4)

1 
+ u

2
cosesin4 2  

4) 3  = arctan(B/A) 

Using the definitions 3.2.3 and 3.2.4, the length of the minor 

axis is m = la i+ - la 1 and so the direction of the ellipse rotation 
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depends upon the balance between ja+1 and ja_1 . Substituting and

carrying out the algebra shows that the rotation will be clockwise

if

tano 3 < tano 2

and doing some more algebra shows that the rotation is clockwise if

tano 1 < tan02

There will be no rotation of the ellipse if the 'less than' sign is

an equality and it will be counter-clockwise if the sign is 'greater

than'.

Since the St. Lawrence is not a manmade channel, it does have

some fairly definite changes in direction. At the mouth of the Saguenay

there is a bend in the main channel of about 15°, and there are further

bends at Gros Cap:il'Aigle,Pte au Pic and at Goose Cape. These bends

could give rise to sidewall reflections that would allow both direct and

reflected waves to be present in some parts of the Estuary. Since the

reflected wave has further to travel, its phase should lag the phase of

the direct wave and so the ellipse will rotate in the clockwise direction.

A direct wave alone will, of course, rotate in the proper, counter-

clockwise, direction.
Hence it is possible to have current ellipses

rotating in either direction, depending upon the location in the Estuary.



3.4 Discussion

The purpose of this Chapter was to draw out some of the

information available from the tidal current records that have been

collected on the Middle Estuary. The admittance method of analysis

of tidal currents has been very useful in revealing the inconsistencies

in these records. However, the inconsistencies are due to the

assumption that the tidal. currents in the St. Lawrence are due to

surface, or barotropic, tides alone. It has been shown that the

inconsistencies may be explained in a qualitative manner if it is

assumed that there are barocl.inic, or internal, tides present which also

contribute to the observed tidal currents. Unless the internal tides

are taken into account, it will be impossible to predict the currents in

the Middle Estuary even though the statistics of the tidal analyses

indicate that very good least-squares fits are obtained. In addition an

explanation has been offered for the observed phenomena of current

ellipses which rotate the wrong way.



CHAPTER 4 

Theory of Internal Gravity Waves  

4.0 Introduction  

In the past ten to fifteen years, internal gravity waves 

have been seen to be a ubiquitous feature of the circulation 

processes in the oceans. 	Although G.G. Stokes (1847) gave the 

first mathematical theory of free waves on the interface of a 

two-layer fluid, it was not until 1904 that the first oceanographical 

applications were found. Ekman (1904) described the P henomena of 

'dead water' in some Norwegian Fjords and E.R. Watson (1904) 

described  interna], seiches in Loch Ness in terms of internal gravity 

waves. 	In 1933, J.E. Fjeldstad developed a theory of internal 

gravity waves for oceanographic applications which included both 

arbitrary vertical density structures and geostrophic forces. 

However, there was very little activity in the field until the 1960's. 

This lack of activity in recognizing the importance of 

internal waves can easily be ascribed to the consensus view that the 

oceans moved on large space and time scales. 	In addition to this 

view, the crudity of measuring instruments led to measuring programs 

which tended to filter out processes with the length and time scales 

of internal waves, and so there were very few measurements made in which 

the effects of internal waves were obvious. With the rise of the 

nuclear submarine as a major weapon in the Cold War, a large amount of 

money became available for oceanographic research and new developments 

in instrumentation and data processing techniques led to more closely-

spaced measurements, and these were quickly followed by an explosive 
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interest in internal gravity waves.

In 1963, the American Geophysical Union started its series

of reviews of the internal wave literature. Cox (1963) listed

9 papers written between 1960 and 1963, while in the next review

Cox (1968) listed 28 papers published between 1963 and 1968.

Wunsch (1971) listed 41 papers published between 1968 and 1971; while

Briscoe (1975) listed 406 published between 1971 and 1975 and Gregg

and Briscoe (1979) in the latest of these reviews, listed about 325

published between 1975 and 1979.

A great many of these papers have very little application

to the problems of internal waves in estuaries, since the scales of

motion and the energetics of estuaries are very different from those

in the deep oceans. In Table 3.2.1 it was shown that, once the tidal'

energies are removed from the records, there'is very little energy

left. On average, the tidal frequencies account for 94Z of the.

energy observed on the St. Lawrence. In addition, an examination of

the amplitudes of the tidal constituents shows that almost all of the

energy lies in the diurnal, semi-diurnal, quarter-diurnal, and sixth-

diurnal bands. In Chapter 3, it was shown that in any one of these

frequency bands, some of the energy is in the internal waves and some

is in the barotropic waves, but even though the distribution of energy

between the surface and internal wave structure is not clear, it is

the tidal frequencies that contain the energy. Further, it has

already been mentioned that the only types of long waves that can

propagate in a channel are Kelvin or Poincare waves. Hence the major

portion of the energy in the St. Lawrence will be in either Kelvin or

Poincare waves, of tidal frequency.

This chapter will be concerned with the development of the



equations of motion of internal gravity waves and the related

eigenvalue problems associated with the vertical equation. The

results of the investigations into the vertical density structure

that were carried out in Chapter 2 will be used to solve this

vertical velocity equation. The following chapters will concern

themselves with the horizontal propagation of internal gravity

waves in estuaries and the application of this theory to the

circulation processes in the St. Lawrence.

4.1 The Equations of Motion

There are a number of ways of deriving the equations of

motion of internal gravity waves, but for the purposes here it

suffices to begin with the linear, inviscid, Boussinesq equations

for a rotating earth. Using a right-handed coordinate system the

equations are

t-fv+ âX °

at+fu+l By

aw + 1 aP i -
at p az p

0

0

0

where the variables have their usual meaning, that is; u,v,w are

the long channel, cross channel and vertical components of velocity;

f is the inertial or Coriolis frequency; P

p is the reference density; P

is the pressure excess;

is the density; and g is

the acceleration due to gravity. By eliminating the pressure from

these equations

lu

av _ Lw _ ôÿ (az av _ aul + p ayla
+az a ax 8- f z az p̂ (2a )x + ^ 0J °
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and then a further differentiation with respect to time and taking
^ r^,j;aAt a athe horizontal divergence, Vh = aX + aÿ , results in

a2 [-D (a-u av 2
-

a a au 2 g ap

at2 8z ax+8y1 -vhw) f^at ^aavx Dy) + vhp at=o

The first two terms may be combined through the continuity equation.

If the fluid is assumed to be irrotational except for the vorticity

induced by the Earth's rotation, then the third term may be reduced

using the vertical component of the vorticity equation, which is

aw[.îD)v-
x-

Lu
-f az

and the final term is dealt with using the incompressibility condition

at+u aX+v Dy +w ap -y
o

and the definition of the Brunt-Vaisala frequency

N2 = D- aP
P az

so that the structure equation for internal gravity waves becomes

32 32W
U + v

P
3X3 33at2 v2w + N2vhw + f2 az2 ^ ^ a33

p

a33 .
0 (4.1.1)

In most derivations, the final term is lumped in with all

of the other nonlinear terms and dropped on the basis of its

nonlinearity and assumed negligible size. In this derivation, however,

it has been kept until this stage since it is not immediately obvious

that horizontal density gradients are negligible in an estuary.



By definition, any estuary does have a longitudinal density 

gradient since it is the meeting area of fresh and salt water. 

In addition, it would seem reasonable to suppose that if there were 

any bends in the channel, or if Coriolis forces were to play an 

important role, then there should also be lateral density gradients. 

Since, by Taylor's Theorem, any continuous function may be represented 

by a polynomial, it is only necessary to consider polynomial 

representations of the density gradients. 	If then, the horizontal 

density variations may be represented by linear or quadratic forms, 

then this last term is identically zero and may be ignored. 

However, if the density structure is complicated enough to require 

a polynomial of more than second order, it cannot be dropped without 

further consideration. 

If the final term is kept in equation 4.1.1 the vertical 

structure equation is nonlinear and non-separable. 	It will be shown 

in the next chapter that there is at least one particular solution 

that may be found for the complete equation. However, for the moment, 

the usual expedient of dropping the final term from equation 4.1.1 

will be followed. 

Assuming, then, that the final term in 4.1.1 is zero and 

that the solution is separable in the form 

w(x,y,z,t) = (W(z)F(x,y)exp(iat) then 

v2F  
1 	h 	1 	D2w 	-K2  

	

a2 _ f2 F 	N2 _ a2 az2w 	a2 _ f2 

where the separation constant has been chosen from the assumption that 

the solution will be wave-like in the horizontal. 	Therefore, the 

vertical and the horizontal structure equations may be entirely decoupled 
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and the two equations are

d2W + N2 (z) a2 K2W = 0
dz2 1v2 - f2

+ 32F+ K2F = 02F
ax2 ay2

(4.1.2.)

(4.1.3.)

These two equations are well known in Mathematical Physics.

The vertical structure equation is known as the Schrodinger Equation

while the horizontal structure equation is an inhomogeneous form of

the Laplace equation. Rather surprisingly, the only authors to

comment on the fact that the vertical structure equation is a time

independent form of the Schrodinger Equation have been Lighthill (1978)

and Malvestuto (1979). The equation is of no little importance in

Quantum Mechanics and so it has an extensive literature, reference to

which may be found in almost any book on modern physics.

4.2 Properties of the Vertical Structure Equation

In this section, a brief list of the important properties of

the vertical structure equation will be given, but not all of them will

be proved.

Assuming that the horizontal wave number, K , is real, then

if N2 > a^ > f2 , d2W and W must have different signs and so the
dz2

function W must be 'wavcy' and always concave to the z-axis. If

2
a is outside the•interval (N,f) then d W and W must have the

dz2
same sign and then W will show an exponential type of behaviour and

will monotonically increase or decrease from the surface to the bottom.

llence internal waves can only propagate as waves for N2 > Q2 > f2 .



If the relative displacement of an isopycnal is given by 

dZ Z(x,y,z,t), then by definition, w = — and so dt 
1 

Z(x,y,z,t) = — F(x,y) W(z) exp(iat) ia 

so that at any particular depth, the relative displacement of an 

isopycnal is proportional to the vertical velocity and 90°  out of 

phase with the vertical velocity. 

Assuming that at a time, t , in a small region about the 

origin there is no y-dependence in the motion so that F(x,y) = F(x) 

and assuming that 

w = F(x)W(z) 

u = G (x)U(z) 

then, from the continuity equation and integrating 

x 
U(z) f

0  «
1'12- dx = - dW  fx  

T: 	
F(x) dx 

dx 	 Z  0 

and so at the point, x 

U(z) = 
F(x) dx 	  dW 

G(x) - G(o) dz  

and so the horizontal velocity is proportional to the z-derivative 

of the vertical velocity \and the constant depends upon x. 

Appropriate boundary conditions are easy to find for the 

vertical velocity equation. 	At the bottom there must be no vertical 

velocity, and so 

W(H) = 0 

At the surface, assuming constant atmospheric pressure and a 

sinusoidal disturbance with the same horizontal wave number as the 

internal wave, the boundary condition is (Fjeldstad, 1933) 
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+ 2 K gW=0dz _ f2)

An approximation that is frequently made to these boundary

conditions is to set the surface boundary condition to W = 0,

which is known as the rigid lid assumption.

The vertical velocity equation, together with the boundary

conditions, make up a Sturm-Liouville system. Volume 1 of Courant

and Hilbert (1937) is almost entirely devoted to systems of this

type, and they prove a great number of theorems about Sturm-Liouville

problems and the eigenvalue problems associated with them. Five

theorems are important enough to be stated explicitly.

1. If a
n

is the nth eigenvalue of the vertical velocity equation

under the rigid lid assumption and un is the nth eigenvalue under

the free surface boundary conditions, then; a n < u n .

2. The asymptotic behaviour of the eigenvalues of the vertical

velocity equation is independent of the boundary conditions, and if

n is sufficiently large,

(n+1)2

^n+l n2 ^n

3. If N2 > 02 > f2 , then all of the eigenvalues of the system

will be real and positive.

4. The eigenfunctions are orthogonal. That is, if and
(H ^

are two eigenfunctions, then dz = 0, if i j

JO

5. The eigenfunctions form a complete set. That is, all possible

motions may be produced by linear combinations of the eigenfunctions.



The eigenvalues of the vertical velocity equation 4.1.2

are the horizontal wave numbers, Ki, and there are, in general,

a countable infinite number of them. They are related to the

phase speed of the wave by

Q2-f2
c? _
I

K?
1

and c. i > c J . if i< j. The i+lst eigenvalue will correspond

to an eigenfunction that has i zero crossings of the z axis,

not counting the zero value at the bottom. Application of the

rigid lid assumption has the practical effect of making the smallest

eigenvalue computed correspond to the first internal mode rather than

the barotropic mode. If the free surface conditions are used, the

smallest eigenvalue corresponds to the barotropic, or surface, mode.

When N(z) is a constant, the vertical velocity equation is

an ordinary differential equation with constant coefficients, and is,

therefore, easily solved in terms of a simple sine function. The

application of the boundary conditions then results in a very simple

dispersion relation. In general, however, the vertical velocity

equation is nonlinear because of the functional form of N2(z) , and

so it is not easily soluble in analytical form, except in a few

special cases.

Roberts (1975) has a section devoted entirely to solutions of

the vertical velocity equation for various density distributions

that are to be found in the deep ocean. Most of these are not

applicable to the density structures that have been found in estuaries.

One of the major reasons for Chapter 2 was to establish a vertical

density structure for the St. Lawrence in order to calculate the



vertical modal structure. 	The next three sections of this 

chapter will be devoted to computing the vertical modal structure 

that occurs in the St. Lawrence. 

4.3 The Exponential Cubic  

In Chapter 2 it was shown that, of all of the exponential 

polynomials, the exponential cubic, in the form 

= o o (x,y)exp(az + bz 2  + cz 3 ) 

provided the best statistical fit to the observed density structure 

on the St. Lawrence. If the Brunt-Vaisala frequency is calculated 

and substituted into the vertical velocity equation, 4.1.2, then 

d2w 
(c iz2 4.  b iz 4-  a l)W  = dz 2  

where c = 
3gc  K2 ,  

• 02 _ f2 

b -  2gb  K
2 

,  
▪ a 2 	f2 

a 
(ga-a 2 ) 

 K
2 

- 
1  a - 

2 	f2 

By making the coordinate transformation 

b
1 X 4c z + — 

1 	2c
1  

the vertical structure equation becomes 

d2w (1 x2 _ d)w . 0 

dx 2  
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with = 12 cx .02 2 K21 Z + 3c

b2 - a' Q2 K2
36c2 c2 - f2

The solutions to 4.3.1 are the Parabolic Cylinder Functions

(Abra mowitz and Stegun, 1965). The boundary conditions for the

vertical velocity equation must also be transformed, and they become

W=0 at XH _ 12gcK2 H + b

v2 - f2 3c

dW + W = 0 at
b

dx 12c xo= 3c

Since the boundary conditions are no longer given at the

surface and bottom, the solutions can be neither strictly even or odd,

and so the general solution to the vertical structure equation is

W Ç Ay1 + By2

where y1 is the even solution and y2 is the odd solution and

these Parabolic Cylinder Functions are given by their series forms

Y1(x) = 1 + dX- + (d2-1) 4r + (d3 - 2d) ^-

y (x) ° x + dXr + (d2 - 3 + ...2 x. r 5.

and where the non-zero coefficients an of x n /n: are connected

by the recursion relation

an+2 a= d an - }n (n - 1) an-2

Alternatively, the solution may be written in terms of Kummer's

Confluent Hypergeometric Function, M(cl,c 2'c3 as
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W = exp(ix2)
AMI-id +

ix2) + Bx^1/4 MI-d + 3 ixZJ2 "" J l2 i, 2 , 2

However, in this age of computers, there is no real advantage in

using the Hypergeometric form, since the power series for the

Parabolic Cylinder Function converges very rapidly for the range

of values that are of interest in the St. Lawrence or any other

estuary.

It is still necessary to determine the integration

constants, A and B . One of them must remain as a scaling factor,

but the other may be eliminated by applying the bottom boundary

condition to obtain

A = - B

Substituting this into the surface boundary condition and rearranging

gives the dispersion relationship

= 0y2 XH (yj(x) +
12c y1 (x o),

,
+ y2(x o) + 12 c y2(xo)

yl (^)
(4.3.3)

where the primes denote differentiation with respect to the transformed

variable x .

The only unknown in this dispersion relation is the wave

number, K , but it is expressed implicitly within the arguments of

the Parabolic Cylinder Function. This dispersion relation is not too

useful in an analytical sense since the relationships are not only

implicit and nonlinear, but also, the properties of the Parabolic

Cylinder Function are not particularly well-known. On the other hand,

it does have the advantage that neither the rigid lid assumption nor



the long wave assumption has been made and so it is applicable 

to any frequency for which internal waves are possible. 	In 

practice, the dispersion relationship could be very simply 

programmed on a small computer and, with this to do the arithmetic, 

the wave number for any particular mode could then be calculated, 

and used in equation 4.3.1 to calculate the modal structure. 

4.4 Forrester's Density Structure  

It will be recalled that Forrester (1974) proposed a 

particular form for the vertical density structure on the Lower 

Estuary which was based on a few bottle casts that were obtained 

while setting out current meter moorings. 	In terms of the explained 

variance, there was no significant difference between the model 

obtained by using Forrester's equation for the density structure 

in the Middle Estuary and the model obtained by using the exponential 

cubic. 

Forrester's density structure may be expressed in the form 

P = P o
(x,y)exp(a/(z + b)) 

and so the Brunt-Vaisala frequency is given by 

	

N 2 z) = e aP 	ag 

	

p âZ 	(z 	b)2 

Substituting this expression for N2  into the vertical 

ve]ocity equation 4.1.2, and making the long wave approximation, by 

neglecting a 2  in the top line with respect to the much larger N 2  , 

results in a nonlinear ordinary differential equation. 	The solution 

to this differential equation is 

W = 	sinfrn- - Stn(z + b) + B) . 
c 2  
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In this equation, the constants a and b are due to the density

structure and the constants A and B are the constants of

integration. The eigenvalue for this solution is the phase speed

c , of the wave.

There should be countable infinity of eigenvalues, c,
n

for this problem, the lowest numbered eigenvalue is for the barotropic

modo ;mci the higher eigt,nva l.ues are for the internal modes.

If the rigid lid is applied as the surface boundary condition,

then the argument of the sine function in the solution must be zero,

and after a little algebra,

c2 s 4ag lCn2(b)

n 4B2 + Rn2(b)
n

Applying the bottom boundary condition at z = H , means that there

must be n-- 1 crossings of the z axis and so the value of the

argument of the sine function must be nit , and so

c2 a 4ag Rn2(H + b)

n 4(nir + Bn) + kn2(H + b)

Since the value of the eigenvalue must be the same at the surface and

at the bottom, these two values may be equated and Bn eliminated

from further consideration, since

B = nir(lZn2(b) + Rn(b)kn(H + b)

n Zn2(H + b) - lCn2(b)

Substituting this value for Bn into the surface boundary

condition gives an expression, after a little manipulation, for the

phase speed of the internal wave modes in the Middle Estuary of the

St. Lawrence, which is



c2 = 4ag(Rn(H + b) - Rn(b))2

n (2nn)2+ (Rn(H+b) - In(b))2

and from this, the dispersion relationship is easily calculated

as

K2 ` (v2 - f2)((2nn)2 + (!Cn(H + b) - Rn(b))2)

n 4ag(9.n(H + b) - !Cn(b))2

Due to the rigid lid boundary condition, the barotropic

mode has been ignored, but since this mode has a phase speed of

C2 = gH , there is not too much point in doing any more complicated0

mathematics to obtain it. If, instead of the rigid lid assumption,

the free surface boundary condition were used, the phase speed of the

modes would be very slightly slower. This statement is proved by

the if rst t1worem hi 4.2.

At first sight, the long wave approximation seems to be

a critical assumption. The long wave assumption neglects the wave

frequency on the basis that it is very small in comparison to the

Brunt-Vaisala frequency. In this study, however, it is only waves

of tidal frequency that are of interest and the largest of these

frequencies is about 1.57 rad/hr (sixth diurnal). A typical Brunt-

Vaisala frequency for the St. Lawrence would be about 280 rad/hr

(80 seconds). Hence, for the tidal frequencies of interest, there

is no difficulty with the long wave assumption since N2 » 02 .

The errors due to the long wave assumption would, of course, grow

if the wave period of interest became very short.



4.5 Magaard's Density Structure  

Magaard (1962) used a model of the form 

P = P o (x,Y) /17-4  az  

for the density structure, and he showed that it had solutions 

[an(4g - 2a2 z) 1  - //.1 Wn (z) 	A sin 
(4g + 2a2H)L /2-eg%  

and a dispersion relationship 

02 _ f2 	n a 	2 KrLI  
[( 4g + 2a2H) - 4g] 

Unfortunately, this model was not particularly successful 

at explaining the observed variance in the St. Lawrence density 

structure, and so the model was extended to the form 

P = p o (x,y)(1 + az + b z 2)/ 

which may be substituted into the vertical structure equation, to 

obtain 

d 2w 	ba2z2 	(aa2 _ bg /2) z 	(a2 _ ga/2) e2 w  

dz2 	 2(bz2  + az + 1) 

and titis  is very unpromising. 	Since the equation is still of the 

Sturm-Liouville type, it does have an integral, and all of the 

theorems about the eigenvalues still hold, but it does not necessarily 

have an integral that is easily expressible in terms of elementary 

functions. 	No progress has been made towards finding a simple 

integral for this particular differential equation. 
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4.6 Vertical Structure on the St. Lawrence

Up to this point, this Chapter has been concerned with

the purely theoretical aspects of the internal wave structure for

the three different models which, given the separability hypothesis,

do not differ significantly in their ability to explain the vertical

density structure of the Middle Estuary. It has proved impossible,

so far, to obtain any satisfactory results about the vertical modal

structure from Magaard's model, and so this model will have to be

ignored in what follows. The vertical structure, for tidal

frequencies, obtained from the Exponential Cubic and that obtained

frc,ni using the Forrester's model do not differ when the same depth

of water and the same mode numbers are used. Numerical experiments

have shown that they agree to well within any practical limits when

they are used in the same circumstances.

To give an idea of the magnitude of the various wave

properties that would be encountered on the St. Lawrence, the

vertical structure equation has been solved for a number of frequencies

and modes. The density structure assumed was the exponential cubic,

equation 2.7.1 and Table 4.6.1 gives the results of the calculations.

It is worth noting that although the waves are dispersive, since the

long wave approximation has not been made, the dispersive aspect does

not show up at all. It is only in very high frequency waves that

the difference in phase speed begins to show up. For this example,

the water depth was assumed to be 55.m, the phase speed, c, is

given in m/sec, and the wave length, a, in km. Any other conditions

of interest may be easily calculated from the formulae given by

Forrester's equations.



Mode 	12.42 hr. 	 2.00 hr. 	 0.25 hr.  
Number 	c 	 A 	c 	 A 	c 	A 

0 	23.30 	1049.40 	23.29 	168.99 	23.29 	20.96 
1 	0.724 	32.60 	0.724 	5.25 	0.722 	0.65 
2 	0.350 	15.77 	0.350 	2.54 	0.349 	0.32 
3 	0.232 	10.43 	0.232 	1.68 	0.227 	0.20 
4 	0.172 	7.67 	0.172 	1.25 	0.172 	0.16 
5 	0.137 	6.15 	0.137 	0.99 	0.135 	0.12 
6 	0.114 	5.15 	0.114 	0.83 	0.114 	0.10 

Table 4.6.1 	Wave properties for the St. Lawrence density structure, 
for three different wave periods. 

To show how insensitive the vertical modal structure is to 

the precise density profile, the shapes of the first and third modes 

were calculated for the overall density structure given by Forrester's 

density model and for the density structure given by Forrester's model 

fitted to the single station 75-001C. 	Since this station provided the 

maximum errors in the overall fit, it should give the worst agreement 

for the modal structure. 	The results are shown in Figure 4.6.1. 	It 

is fairly obvious that the vertical modal structure is quite insensitive 

to the precise nature of the vertical density structure. 	This, then, 

lends support to the assumption of the separability hypothesis. 	If 

there is very little change in the vertical modal structure when the 

density is perturbed somewhat, then it should not matter too much that 

there is a slightly better statistical fit by ignoring the separability 

hypothesis. 

By assuming a bottom boundary condition of W = 0 at z = H 

it is also assumed that the bottom of the estuary is flat. 	Quite 

clearly, the bottom of a real estuary is anything but flat and this 

assumption cannot, in general, be made. The proper boundary condition 

is that there should be no flow normal to the bottom. Fortunately, 

some work has been done on the problem of flow over bottom topography 
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which is relevant to estuaries in general, and the St. Lawrence 

in particular. 

The cross-sectional shape of the North Channel, which is 

the primary area of concern, is more or less triangular. 	The 

north side-wall is vertical, but the bottom slopes quite evenly 

from its maximum depth on the north side to a minimum on the south 

side-wall, with a mean slope of less than 0.01. Vermersch and 

Beardsley (1976) have solved exactly this problem for a channel 

which has a small cross-channel bottom slope. 	They found that it 

makes very little difference to the vertical structure, since the 

internal Kelvin and Poincare wave solutions applicable to the flat- 

bottom case are still applicable to the sloping bottom case. 	The 

effect of the sloping bottom is to allow the propagation of a very 

low frequency, bottom-trapped Rossby wave, which decays quickly away 

from the bottom. 	Their analysis is for a density structure where 

N2  is constant, but the analysis should not change very much for 

a higher order exponential density gradient, so long as the 

separability hypothesis holds. 

Of much more concern is the longitudinal bottom slope on 

the Morin Bank. 	Sandstrom (1966) has shown that a longitudinal 

bottom slope will reflect \ an internal wave if the bottom slope is 

more than 
2 	f 

s 	
2 

2 a  - 

N 2  - a2  

and, assuming a very long Brunt-Vaisala period of 10 minutes, the 

maximum transmissive bottom slopes are 0.01 for a semi-diurnal wave 

and 0.02 for a sixth-diurnal wave. The mean slope on the Morin Bank 

is about 0.008 and the maximum slope is about 0.07. 	Hence, it is 
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very possible that many of the internal waves coming up the

St. Lawrence would be reflected off the Morin Bank. On the

other hand, there is no distinct tidally-averaged density

difference observable in the water on either side of the Bank,

and so some of the waves must propagate up and over the Bank.

Wunsch (1968,1969) has shown that for small slopes, in the case

of a constant Brunt-Vaisala frequency, the solutions are asymptotic

to the case of a flat bottom.

Thus it is entirely possible that the longitudinal bottom

slopes on the St. Lawrence are large enough to significantly distort

the solutions that arise from assuming that the bottom is flat.

In addition, it is probable that internal tides that are observed

downstream of the Morin Bank are the sum of a direct and a reflected

wave, and could not be considered to be purely progressive waves.



Chapter 5

Horizontal Propagation of Internal Gravity Waves

5.0 Introduction

In Chapter 4, the equations of motion and the vertical

properties of internal gravity waves were examined. In this Chapter,

the horizontal properties of these waves will be discussed and, in

particular, the effects of horizontal density gradients will be

examined. These horizontal density gradients will have two effects.

The first is to affect the properties of the waves themselves, and

the second is to affect the measurements that will be made at a

particular location, since the density gradient will be advected

back and forth past the measuring point by the waves.

5.1 No Horizontal Density Gradients

If it is assumed that there are no horizontal density

gradients, the horizontal structure of the internal waves is given

by equation 4.1.3 which is

phF+K2F=0

Theorem 3 of Section 4.2 ensures that K2 will be real and positive

so long as N2 > 02 > f2 , and so the solutions will be wave-like.

Assuming that the function, F , is separable in the form

F(x,y) = X(x)Y(y), and substituting this form into the horizontal

structure equation

1d2X+1d2Y+K2=0
X dx2 Y d^2

and so
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1 d2X _ d2Y
K2 k2

X dx2 dy2 X

where; K is the total horizontal wave number and is the eigenvalue

from the vertical velocity equation, and k
x

is the wave number

in the long stream direction. The long stream and cross stream

wave numbers kx and ky , are related by

K2 = k2 + k2
X y

and the separated horizontal equations are therefore

d2X+k2X= 0
dx2

x

d2Y
+k2y= 0

dy2 y

(5.1.2)

Since the longstream solution will be evanescent and hence

of no interest if kX < 0, in all future work, kX is always

assumed to be positive. Hence the solution for the long stream

direction may be written in the form

X(x) = A cos(k x)
x

The solution for the y-dependence is determined by the

value of kÿ which could be positive or negative. If ky is

imaginary, then the wave is a Kelvin wave and the amplitude of the

wave decays exponentially across the channel. If ky is real,

then the wave is a Poincare wave and the amplitude has a sinusoidal

cross channel dependence. In a channel, the only allowable waves

are Kelvin and Poincare waves, since they are the only ones which



satisfy the boundary conditions of no flow through the sides 

of the channel, and these boundary conditions provide additional 

constraints on the magnitude of k 	(Proudman, 1952). 
Y 

In a channel, then, one solution of the full equations 

of motion, assuming no horizontal density gradients, is given by 

w(x,y,z,t) = - aH exp(ikyy)W(z) sin(at + kxx + 

u(x,y,z,t) = U exp(ik y)W'(z) cos(at + k
xx + Y 

v(x,y,z,t) = iV exp(ik y)W'(z) sin(at + k
x + 

Y 

where; a is the wave frequency, H is the wave amplitude, W(z) 

is the solution to the vertical velocity equation, normalized so 

that its maximum value is 1, W(z) is the vertical derivative 

of W also normalized so that its maximum value is 1, i = 

and U and V are the maximum horizontal wave velocities. 

5.2 Effects of Horizontal Density Gradients  

There is one particular case in which the effects of 

horizontal density gradients may be determined,  and  this case will 

be examined here. 	If the w and the û components of velocity 

are assumed to be 

w = W ( z)F (x,y ) exp ( iat ) 

+ 
u 	UW 1 (z)F(x,y)exp(iat) 

and these are substituted into equation 4.1.1 the result is 

(N2 _ 	
' 	

(f 2 _ 0.2) Fd2w _ e, Fdw tj. ,
P  

3  
h 	 dz2 	dz 	

h (5.2.1) 
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Now, assuming that the horizontal density gradient will not

have any effect upon the vertical structure, the vertical

structure equation is assumed to be

d2W

dz2

and this may be substituted into 5.2.1 to get a separable equation

which is

i.e. there are two separated equations:

dW-N2 -o2W=0
dz

(5.2.2)

(5.2.3)

(5.2.4)

The separation constant ^ may be eliminated from the

equations, since there are now two equations, 5.2.2 and 5.2.3, which

control the vertical velocity and so both must hold simultaneously.

Differentiating 5.2.3 with respect to z and substituting into

5.2.2 and then solving for the separation constant results in

^2 - 2NN' (02 - f2) ^ + (N2 - Q2) (a2 - f2) = 0

K2(N2 - 02) K2

KZF + VhF dz 1

F U.VhP (N2 - 02)W

P

N2 - 02
K2W

02 - f2

^

9 ^.VhP

(K2 - P ^ ) F = 0

where the prime denotes differentiation with respect to z.

However, since is a constant of separation, it cannot depend

upon the variable z . The only case in which ^ does not depend



upon z , occurs when N is a constant. Hence in the case

where N is a constant the assumption in 5.2.2 is justified and

the horizontal density gradients do not affect the vertical structure

but will influence the horizontal structure through equation 5.2.4.

When the vertical structure is such that N is a constant,

then ^ is purely imaginary and equation 5.2.4 is a nonlinear

partial differential equation, which is not separable into two

components in the usual manner. However, it is possible to examine

the equation in a qualitative way. Setting

F(x,y) = A X(x) Y(y)

a( U 23P + V a3P^ Wt(z) ^

` ax3 ay3 ^ P

and substituting into 5.2.4, results in

v2(XY) + 1-
W ' aA

i^K2XY = 0
h KN2 - 02) (Q

_2_.f j

Now, W'(z) has a maximum value of 1 and the maximum value of A

is almost always less than 2 m/sec, so that for an M2 barotropic

tide, which would be the worst case, the equation would become

v2(XY) + I1 - a i J K2XY = 0h l 5.Ox10_10
(5.2.5)

If the horizontal structure of the tidally-averaged density may

be represented by a polynomial which is either linear or quadratic,

a a 0 and equation 5.2.5 is exactly the same as equation 5.1.1

and all of the analysis of Section 5.1 holds. In general, however,

equation 5.2.5 is a nonlinear, non-separable partial differential
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equation, when the third derivative of the horizontal tidally -

averaged density structure is allowed to be any arbitrary function. 

It will be shown in Chapter 6, that a value of a 

< lx10
-14 produces quite typical estuarine density structures, 

and for many estuaries a very small value of a would be appropriate. 

There are, of course, situations where a small value of a would 

not be appropriate, such as near a source of fresh water or in a 

location where the tidal mixing is particularly strong. 	If a 

is assumed to be very small, such as lx10-14 , and the functions 

X and Y are assumed to be iwavey' and to have maximum values near 

+1 or -1 , then the partial differential equation 5.2.5 may be 

quasilinearized to 

V 2 (XY) + (1 ± ci)K2XY = 0 
h 

where e is a very small real number, less than 1x10
-4 

The result of this would be that the analysis in section 

5.1 would still be applicable, with the modification that the 

horizontal wave number, K , would be modulated by a very small 

damping factor, ci . 	This means that in the case of a constant 

Brunt-Vaisala frequency and with 'reasonably small' horizontal 

density gradients, the horizontal density gradients do not affect 

the horizontal propagation or the horizontal structure of the 

internal waves very much. 	Although this argument is qualitative, 

it would seem to be reasonable . One would not really expect 

large changes in the wave structure if the density gradients were 

not very extreme, but that there should be fairly large changes if 

the horizontal density gradients were quite large. 	One could think 
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of the normal mode solution given by Chapter 4 and Section 5.1

as a first approximation to the correct solution, and the evidence

seems to point to the fact that one would not be too far wrong.

It seems unlikely that a full analytical solution is possible for

arbitrary vertical and horizontal density structure and that

numerical methods would be required for a full solution.

5.3 Advection of the Horizontal Density Gradients

The previous section has shown that the horizontal density

gradients do not affect the horizontal structure of the internal

tides to a very great extent. That is, if a wave has a basic

sinusoidal shape, then the presence of 'reasonably small' horizontal

density gradients will not change this basic shape very much. It

does not follow that a measuring instrument which is fixed to the

bottom of the estuary will register the same sinusoidal shape if

it is measuring the time-dependent density at its fixed location

in the channel.

The tidal excursion in a typical estuary is usually quite

long in comparison to the length of the estuary, since in many cases

it is of the order of 10 to 15 km. Considering the flow in a

Lagrangian sense, a marked particle of water may move a significant

distance up and down the estuary during the course of a tidal cycle

due to the particle motion of the wave. The tidally-averaged

density gradients in a body of water are fixed to the water itself,

like a marked particle, and not to the channel in which the water

moves. Hence,the effect of a wave passing through an estuary would

be to advect this tidally-averaged density structure back and forth

over the course of a complete tidal cycle.
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Assume that the tidally-averaged density structure in

an estuary is given by

p ° po(xsy)D(z)

and the properties of the water in the estuary are to be measured

at the location (x,y,z) as shown in Figure 5.3.1. Consider a

plane wave, whose frequency is Q, and whose wave number is K

to be propagating from right to left past the measuring point.

The tidally-averaged density structure in the estuary is shown in

the figure and increases downstream, to the right.

If there were no waves present, the density registered

at,

at2

Qt3

^(t)= X(t)2+Y(t)2___ -
1---- --------Q

Z(t)=

Figure 5.3.1. Advection past a measuring instrument.

-4-

at the instrument would remain constant at p. However, when there

is a wave present, after a time, t , the instrument will record a

value of the density which is perturbed from the tidal mean, since

the wave will have advected a parcel of water from the point (x',y',z')
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a horizontal distance 

Z 2 	(X2(t) 	y2(0)i 

while at the same time, advecting it a vertical distance Z(t) . 

At time, t , then, the instrument measures the density of a 

parcel of water whose tidal mean position is at (x t ,y',z') . 

The instrument measures the time-dependent density at 

the point (x,y,z) and this may be expressed as 

p(x,y,z,t) = 	+ X(t),y + Y(t),z + Z(t)) 

which may be expanded in a three-dimensional Taylor Series as 

p(x,y,z,t) = 7;(x,y,z)(1 + 	+ 1£ 2  + -1,£ 3  + 	+ ...) 	(5.3.1) 

where the operator, £ is given by 

= X(t)— + Y(t) — + Z(t)—
a  

ax 	3y 	3z 

a2 	 u 	 a 	 32 
£2 = x2 	1. y2 a 2 	z2 	 a2 

- + 2XZ - 
2 	 2 	

+ 2YZ 
Dx2 	ay2 	3z2 	bray 	haz . 	ayaz 

and the higher powers of the operator are given by the Trinomial 

Theorem. .This expansion will be exact and converge so long as there 

are no discontinuities in the tidally-averaged density structure that 

could be advected past the measuring point. 

In general, of course, the tidally-averaged horizontal 

portion of the density structure may be represented by a polynomial 

and so, in general, equation 5.3.1 is an infinite series. 	In practice 

the higher derivatives of the horizontal density structure would be 

small, and so the series could be'truncated after an appropriate 
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number of terms. The error involved in truncating the series

is given by the Remainder Theorem, and if the series is truncated

after n terms, the error is

Rn '< (n + 1) r- £n+l P (X.Y. z)

Unlike the effects of the horizontal density gradient that were

discussed in the previous section, the linear and quadratic terms

in the horizontal density gradient have a very large effect here.

In practice, one would expect the linear and quadratic portions of

the horizontal density gradient to be the largest terms, and although

they would not affect the shape of the internal waves, they would

very strongly affect the instantaneous densities measured at a given

location in an estuary.

5.4 Advective Transport in a Channel

Equation 5.3.1 describes the density that would be measured

at a fixed point when a tidally-averaged density structure is advected

past that point. There were no assumptions made about the nature of

the advecting disturbance, and although the discussion was conducted

in terms of a tide wave in a channel, the mathematics are perfectly

general. When it comes to actually computing the advection in the

three dimensions, however, the exact nature of the advection process

becomes important. In this section, the advection process will be

confined to tidal waves in a channel. These waves may be either

Kelvin or Poincare waves, or linear combinations of the two.

A solution to the equations of motion in a channel is



Z= Hm,nexp(iamy)Wn(z)cos(at + km
,nx +m .n)

w = - aHm, nexp(iamy)Wn(z)sin(crt + kmn x + ^ mn
). .

u= Um,nexp(iamy)Wn(z)cos(at + km nx +^m n
, >

)v= iV exp(iamy)W' (z)sin(at + k
x + ^m,m n m,n m,n

where , i=V---l and the real part of the solution is understood.

(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

H , U , V are the maximum amplitudes of the vertical
m,n m,n m,n

displacement and the velocity components for the nth vertical

mode and the mth cross channel mode; km n and am are the
,

long and cross-channel wave numbers; a is the wave frequency;

^ is the phase of the wave at the origin. Wn(z) is the
m,n

solution to the vertical velocity equation 4.1.2 and Wn(z) is the

z-derivative, both normalized so that the maximum value is 1.0.

When the cross-channel wave number is real, K2 = k2 + a2 , and
n m,n in

the wave is a P oincare wave. When the cross-channel wave number is

imaginary, the wave is a Kelvin wave and the real part of the cross-

channel velocity is zero.

It is, therefore, very easy to calculate the vertical

advection, since it is given by 5.4.1 and is proportional to the

solution to the vertical velocity equation. The equations for the

horizontal advection distances will depend upon the type of wave.

For a Kelvin wave, the cross-channel wave number, or wave number

analogue, is imaginary and has nothing to do with the horizontal

wave number calculated as the eigenvalue of the vertical structure

equation.
For a Poincare wave, the cross-channel wave number is

real and is connected to the total horizontal wave number calculated
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X(t) 	
au (u (o,t) + x(t) — 
â x 

0 

D2u  
--- 

ax2  
x=0 

+ ...)dt 

x=0 

+ 1X2 (t) 

) dt 
x=0 

(5.4.6) 

from the vertical structure equation via equation 5.1.2. 	So 

long as the distinction is kept in mind, the same analysis will 

do for both types of waves. 

Considering only the long-channel advection for the 

moment, ignoring the z-dependence, and assuming that the measuring 

instrument is at the origin of the co-ordinate system, then, after 

a time, t , the displacement of a water particle is 

X(t) = f u(x,t)dt 

where 

u(x,t) = Ucos(at + kx + 0) 	 (5.4.5) 

and this velocity may be expanded in an asymptotic series about the 

origin to give the displacement as 

Truncating this expression at first order (Longuet-Higgins, 1953) 

and resubstituting gives 

X(t) = f (u(0,t) + ( 	
au 

u(0,t)dt) — âx 

and this may be evaluated by substituting equation 5.4.5 and 

carrying out the integration. 

The first term in the expansion of 5.4.6 is given by 

U, 	, 
u(0,t)dt = --tsiruat + 0) - sin.) a 

while the second term is given by 

-  1.1.2  - 



t t
J [ ( J Ucos(Qt + ^)dt)(- Uksin(at + ¢)),dt

0 0

Ç _ U2k rt
Q 1 (sin2(ot + ^) - sinosin(crt + ^))dt

0

Collecting everything together, then, gives an expression

for the long-channel advection, which is

X(t) = 11(sin(at +
U2k

¢) - sin^) - (2at - sin2^ + 2sinat
4a2

- sin2(at + ^) + 2sin(at + 2^)) (5.4.7)

and represents, to first order, how far a particle of water has

travelled horizontally in time t.

2
The term U2at is the Stokes Drift that arises because

the wave is assumed to be a progressive wave. In an estuary, there

cannot be a steady flow upstream as would be indicated by this term,

since the mass cannot increase without limit. Over a suitably long

period of time, the total Stokes Drift due to all of the tidal

frequencies and modes must be balanced by a net estuarine circulation,

which would be made up of the long period river discharges, the wind

drift, the non-tidal estuarine circulation and the river flows due

to the sloping bed. During any reasonably long time period, it

should not be expected that the tidally-averaged density structure

of an estuary should remain constant, but these low frequency changes

are not properly the subject of this discussion. Hence they may be

ignored for the moment, noting that the Stokes Drift belongs with

these low frequency flows and may therefore be dropped from the long

channel advection equation.

The cross-channel advection is computed in exactly the same
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way as the long-channel advection. The cross-channel velocity

is given by

v a iVexp(iay)sin(ot + ^)

and so the cross-channel advection is given by

oY(t) = Vsin(ay) ( cos(at + 0) - coO) - aV2sin(2ay)
(2cosat

4cr 2

+ 2cos(ot + 2^) - cos2(at + ^) - 2cos2^ - 2) (5.4.8)

and this part of the advection does not have a Stokes Drift term

since the cross-stream component of a Poincare wave is actually a

standing wave across the channel. For a Kelvin wave, the cross-

channel velocity is exactly zero everywhere, and so there is no

cross-stream advection.

The expressions 5.4.7 and 5.4.8, without the Stokes Drift

term, may now be substituted into equation 5.3.1 to obtain an

expression for the time history of the density fluctuations that

would be measured at a given location in an estuary which has a

single progressive tidal wave, of either Kelvin or Poincare type,

and arbitrary horizontal and vertical density gradients.

5.5 Consistency Relationship

In section 4.2, it was shown that the horizontal velocity

is proportional to the z-derivative of the vertical velocity, but

more than this can be proved. In fact, there is a very definite

relationship between the amplitude of a wave and the horizontal

velocity associated with the wave. Writing a solution to the

equations of motion in the form
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Z = Hcos(ay)W(z)cos(at + kx + (p) 

DZ 
w = —= -aHcos(ay)W(z)sin(at + kx + Dt 

u = US(z)cos(ay)cos(at + kx + cP) 

v = VS(z)sin(ay)sin(at + kx + 

and substituting these into the continuity equation, which is 

Du 	Dv 	Dw 
Dx 	ay 	Dz 

0 

aw — us(z)k + vs(z)a — aH 	= 0 az 
results in 

where S(z) is a nondimensional shape factor, U and V have the 

dimensions m/sec, W(z) is also a non-dimensional shape factor, and 

so 3W/Dz has the dimensions m-1 . 	However, the shape factor 

S(z) is proportional to the vertical derivative of the vertical 

velocity,  3W/3z and so could be given by 

aw —= Ts(z) az 

where S(z) is the vertical derivative of the vertical velocity 

which has been scaled so that its maximum value is 1.0, and T is 

a dimensionalizing factor with dimensions m
-1 

• 	Hence in the 

notation of all of the other sections, 

S(z) = W 1 (z) 

and so the relationship between the horizontal velocities and the 

vertical amplitude is 

Uk - aV + aTH = 0 
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In the special case of the Kelvin wave, it is possible to get

a very simple relationship, since the cross-channel velocity is

zero, and so

U= - kHT

5.6. Discussion

This Chapter has been primarily concerned with the

horizontal aspects of the internal waves in a channel. It has been

shown that as long as the third and higher derivatives of the horizon-

tal density structure are reasonably small, they will not affect the

shape of the internal waves. On the other hand, any horizontal

density gradient at all will affect the instantaneous densities

measured at a recording instrument which is fixed to the channel

bottom. The distances both vertically and horizontally that the

tidally-averaged density gradients are advected by the waves passing

through the channel have been calculated, and a relationship between

the vertical amplitude of a wave and the horizontal current velocity

associated with the vertical displacement has been given.

It should be pointed out that the processes that have been

considered in the past two Chapters have been linear processes. A

complete description of the circulation would include all of the

nonlinear processes that are possible, beginning with the full,

nonlinear equations of motion. There are, however, two nonlinear

processes that could be considered. The first is the nonlinearity

in the horizontal propagation equation that was considered in Section

5.2, and the second is the weak wave-wave interaction process, which

has been described briefly by LeBlond and Mysak (1978).



The mathematics of the wave-wave interactions and the 

effects due to a horizontal density gradient would be formidable, 

but the essential process is fairly clear and involves a clear 

understanding of the process of 'tidal averaging'. For example, the 

M
2 

waves deform the mean density gradient, and so another wave, say 

the S
4 ' would see a different 'tidally-averaged' density 

gradient 

than it would if the M
2 

wave were not present. Of course, if the 

waves are linear and the propagation process is truly linear, then 

the principle of superposition holds and allows adding the effects 

of each wave separately, and so the whole problem of wave-wave 

interactions does not arise. 
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Chapter 6

Prediction and Analysis

6.0 Introduction

In the previous four chapters, enough theory has been

developed to tackle two problems of flow in estuaries. The first

problem is quite simple, and will be considered first. This is,

given the tidally-averaged density structure in an estuary and all of

the wave parameters applicable, 'What will be measured at an instrument

fixed to the bottom of the channel?'. The second problem is much more

difficult and is the inverse problem. Given the observations at a

fixed location in the channel, and the density gradients, ' What are

the waves which produce the observations?'. It will be seen that the

first is a simple problem, while the second can only be solved in a

very limited way.

6.1 The Prediction Problem

In Chapter 5, the prediction equations for a single frequency

and mode were developed. Due to the principle of superposition, since

the original equations are linear, the result of a series of waves is

simply the sum of the effects from each wave separately. Hence, for a

series of waves, each one of either Kelvin or Poincare type, and each

with its appropriate vertical and horizontal mode, the prediction

equations are



- 

p(x,y,z,t) 	i;(x,y,z) + 	X. (t)  + 	Y. 	+ 211 	z.(t) ax 	j ay .  j DY j J - 

277,, 

[ 	

32" 
+ i 2LI î x3(t) + === î Y?() + ---z-' î Z?(t) + 

Dx2  j J 	33,2 j J 	Dz2  j i 

x.(t)Y.(t) + --r— Y.(t)Z.(t) ax3y.  . j 	j 	aYaz..J.] 
3 

+ " 	X.(t)Z.(t) 	 )( + 	+ 	(6.1.1) 
3 

Dxaz . j 	3 	3! ax3 . 

u(x,y,z,t)...D1.1011(z)cos(a.yos(a.t + k.x + 	 (6.1.2) 
j  33  

v(x,y,z,t) =DT.W.(z)sin(a.y)sin(a.t + k.x +  4> .) 	 (6.1.3) 
j  33 	 3 

x./(x,y,z,O'gY -0.1-1.1,1(z)cns(n.y)sin(a.t+ k.x + cp.) 	 (6.1.4) 
j 	J 	3 j 	3 

with 

Z.(0 2n 11 . 141 .(z)cos(a.Dcos(a.t+k-x+ 	 (6.1.5) 
33  

)(.(t) 
11 . 14 !Wcos(a.D 

J  
a.  (sin(a.t + k.x + cp.) - sin(k.x + cp.)) 

J 	J 	 J 	J 

k.U2W. 2 (z)cos(2a.y) 
1  

4a?  i2sin(a.t) +2sin(a.t+2k.x+2..) 
si-112 0c.x+ 	- sin2(a.t  

3 	J 	3  
(6.1.6) 
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V.W'.(z)sin(a.y)
[cos(o.tY J (t)

j + kjt + ^ j ) - cos(kjx + ^ j »

- ajVjW^2(z)sin(2aiy)

40?
[2cos(a j t) + 2cos(o J t + 2k 3 x + 2^.)

J
J

- 2 cos2(kjx + 0 j) - cos2(o3 t + kjx + 0 j) - 21 (6.1.7)

and

U J k i . - a j V J . + v.J T J H J . = 0 (6.1.8)

In the above set of prediction equations, the origin of the

co-ordinate system is assumed to be the generation point of the internal

waves, where the phase of the waves at this point, in relation to some

convenient time origin, is ^j . All of the other notation is consistent

with the previous notation, and each individual wave is indexed by j.

If the individual wave is a Poincare wave, then the cross-channel wave

number, aj , has its usual meaning, but if the wave is a Kelvin wave,

then the maximum amplitude of the wave, on the right hand side of the

channel, is Hj; the factor cos(ajy) is adjtusted to fit the exponential

decay of the wave across the channel, and V. = 0. W. (z) is the

solution to the vertical structure equation, normalized to a maximum

value of 1.0, and W^(z) is the z-derivative of W. also normalized to

a maximum value of 1.0.
Ti

is the dimensionalizing factor for W^(z)

The truncation that must be made is in equation 6.1.1 where it

must be decided to which order of derivative the density gradient must be

taken. This can only be decided for a particular estuary and location in

that estuary. If the only requirement is to produce test data, then the
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decision is arbitrary. If the requirement is to represent a particular

estuary, then, in order that the higher order derivatives may be

calculated a great deal of synoptic data over a complete tidal cycle

must be known to very great accuracy and this information is very seldom,

if ever, available.

In order to give an idea of the complexities produced by a very

simple system, Equations 6.1.1 to 6.1.8 were put into a computer program

which performed all of the calculations and plots necessary for display

purposes. The example shown here consists of a uniform channel, 65 m

deep and 8.4 km wide, where the measuring instruments are 3.1 km north of

the south side of the channel. The channel is in an east-west direction,

with downstream to the east, and the waves propagating upstream, to the

west. The tidally-averaged density structure, taking the measuring point

as (0,0,z), is:

P(x.y.z) - a1exp(a2/z + a3) (1 + a 4 x + a5x2 + a6x3 + a 7 y + a8y2)

where; al 1.03029938

a2 = -0.3934996

a3 = 24.67621

a4 = 3.98227886

(gm/ml) a5 = 0.0 (m-2 )

(m) a6 -6.63713143 E-16 (m 3)

(m) a7 = 3.333333333 E-8 (M-
1
)

E-7 (m 1) a8 = 3.111111111 E-11 (m-2 )

(6.1.9)

and Figure 6.1.1 gives a plot of this density structure in terms of

depth and distance along the estuary. Although this density plot is

not exactly the same as on the St. Lawrence, it does seem typical of

the type of density structures that could be measured in partially-

mixed"estuaries. Owing to the nature of the density structure chosen,

it was only necessary to calculate the density derivatives to third

order. It was from density structures such as this that the



approximations used in equation 5.2.5 were derived.

DISTANCE IN KM
.00 1 0t00 , 6t00 , 10•00 . 16•00

Figure 6.1.1 Example estuarine tidally-averaged density

structure.

Table 6.1.1 Wave properties for the examples.

Const. Period Vert. Amp. Phase V-vel. Wave-
Modal No. (deg) (m/sec) length (km)

1
2
3
4

5
6
7
8

12.42
12.42
12.42
12.42

6.21
6.21
6.21
6.21

0
1
2
3

0.0
17.2
22.9
57.3

0.0
0.0
0.0
0.0

1746.9
54.7
27.8
18.6

0 0.2 -5.8 0.0 610.7
1 0,6 5.8 0.0 19.1
2 0.4 149.0 0.3 9.7
3 0.2 252.1 0.2 6.5

9 4.14 0 0.1 -189.1 0.0 389.2

10 4.14 1 0.6 -137.5 0.2 12.2

11 4.14 2 0.4 57.3 0.1 6.2

12 4.14 3 0.2 -217.7 0.1 4.1



The wave properties that were used for the examples were as in 

Table 6.1.1, and again, these are not exactly the wave parameters 

applicable on the St. Lawrence, but they are derived from the St.Lawrence, 

in that the amplitudes of the baiotropic modes are the same as the 

St. Lawrence and the phases were derived by assuming that all of the 

waves at a particular frequency were phase locked to the barotropic mode 

at the end of the Laurentian trough and then the measuring point was 

assumed to be near St. Simenon. The baroclinic amplitudes were obtained 

by making a number of runs with different amplitudes and adjusting them 

until 'reasonable' plots were obtained. 

The first example, shown in Figure 6.1.2, used constituents 

1,5 and 9 only. That is, it is the result of propagating purely barotropic 

waves through the density structure. Since the waves are Kelvin waves, 

there is no cross channel velocity, and since they are barotropic, the 

long channel velocity contours are vertical. The density plot would seem 

to show the presence of an 'internal wave' which is approximately 40. m high. 

This 'internal wave' however, is due entirely to the advection of the 

horizontal density gradient and has nothing to do with baroclinic motions, 

since there are none in the example. 	The asymmetry in the density 

structure is due to the phases of the waves and is not due to the 

asymmetry of the density structure, since the coefficient of x 2  in 

equation (6.1.9) is zero. 

The second example, shown in Figure 6.1.3, used all twelve 

constituents, but assumed that all twelve were Kelvin Waves whose amplitudes 

at the measuring point were given in Table 6.1.1. This example looks much 

more like a typical estuarine structure. Again, since all of the waves 
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were assumed to be Kelvin waves, there is no cross-channel velocity.

The long-channel velocity shows that there are quite strong

instantaneous shears in the flow and that the tide at the bottom lags

the tide at the surface by between 45 minutes and one hour. At any

given time, the vertical structure is not linear or semi-logarithmic,

but rather there is a very complicated vertical flow pattern. In the

density plot, the amplitude of the density fluctuations is partially

due to the internal waves, but is also partly.due to the advection of

the density gradients. The maximum vertical displacement that could

he due to the internal waves is 6.2 m, but it looks like a 30 m internal

wave is passing the measuring point. Most of this is due to the

advection of the density gradient.

The third example is given by Figure 6.1.4, which used all

twelve of the constituents, but assumed that constituents which could be

Poincare waves were of the first cross-channel mode and so had a cross-

channel wave length of 16.8 km. The contours of the long-channel velocity

are much simpler than in the previous example, but the same sort of

features are shown, and the lack of complexity is due to the reduction in

long-channel velocity, since the amplitudes of the Poincare waves are

given at the centre of the channel and not at the measuring point. In

the cross-channel velocity plot, a quite reasonable amount of structure

is shown, and there is a large amount of shear in the vertical. The

density plot looks very like the density plot in the previous example.

Of course, it is possible to invent an infinite number of

examples and to predict measurements for each one of these examples.

However, the important points have been shown in these quite simple cases.

If, as is usually assumed, there is no baroclinic component to the flow,
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Figure 6.1.2 	Density and velocity structures produced by 

barotropic tides. 
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Figure 6.1.3 Density and velocity structures produced by

barotropic and baroclinic Kelvin waves.
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and the horizontal density gradients may be ignored, then the density

contours would remain horizontal, the velocity contours would remain

vertical, and there could be no cross-channel velocity. This situation

is very seldom seen in the observations from partially-mixed

estuaries, and so the two assumptions cannot hold. On the other hand,

the fact that the density contours rise and fall with time is not

sufficient evidence for assuming that the movement of the isopycnals is

due to internal waves, since it could very easily be due to the

advection of horizontal density gradients. It is also an error to

measure the displacement of the isopycnals and use this measurement as

the amplitude of 'internal waves' even if there is evidence for the

presence of internal waves. The interpretation of the movements of the

isopycnals is very dependent upon the horizontal structure of the

density gradients. On the other hand, vertical complexity in the

instantaneous velocity structures could be taken to be prima facia

evidence for the presence of internal waves.

6.2 The Inverse Problem

Although it is quite easy to set up the prediction problem,

and it is very useful in discovering the sorts of structure that could

be present in an estuary, it is the inverse problem which is of major

interest. Typically, one has the observed density and velocity at a

given location over a period of time, and one wishes to determine the

density and wave fields that gave rise to these observations. In

principle, the inverse problem may be solved by the method of least-

squares.



In general, a fair number of the variables in the prediction 

equations, 6.1.1 to 6.1.8, are usually known from measurements. From 

an analysis of the long period current meter records, it is possible 

to make a determination of the relevant frequencies. The vertical 

tidally-averaged density structure is generally known, and so the 

vertical velocity equation may be solved to obtain the total horizontal 

wavenumbers,theverticalshapefunctions,14.(z) and W(z) and the 

dimensionalizingfactors,T—From here on, however, there are still 

a very large number of variables which are unknown. For the moment, it 

will be assumed that it is also possible to determine the appropriate 

horizontal and vertical mode numbers that are present in the observations 

and that the tidally-averaged density structure is known to the required 

accuracy. 

Theunknowns,thenconsistofthewaveamplitudes,H.,the 

longehannelvelocities,U.,the phases of the waves at the generation 

point,(p.andthedirectionsofthewaves,0..lt may seem strange 

that the wave direction is an unknown, but it cannot be assumed, in 

general, that the wave direction is directly up the estuary. If there 

are distinct bends in the estuary or if the incident waves are not 

parallel to the estuary's axis at the generation point, then they will 

not propagate directly up the estuary. At a given location inside the 

estuary the inclination of the waves may not lie along the axis of the 

estuary. There is much evidence in the analysis of the current meter 

records of the St. Lawrence for this statement. Hence, for each wave, 

there are, in general, four unknowns. 

If the subscript c refers to calculated values from the 

prediction equations, the subscript o refers to observed values and 
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the variable q takes on the unknowns in turn, then the least squares

equations are of the form

ôp au
.

av
î (po - pc) a C + 1 (u - uo) a c + 1 (v - vo) a c = 0 (6.2.1)

obs q obs

c

q obs
c

q

where the sums are taken over each of the observed depths and times.

There are 4n equations in 4n unknowns, for n waves, and so, in

principle, these equations may be solved for the unknowns.

Since the least-squares solution technique is a statistical

one, some thought must be given to the significance levels and the

statistical errors. The only difficulty here is to determine the correct

number of degrees of freedom in the fits. Since the density and the two

components of velocity are statistically independent, and there are

unknowns for each wave, then the number of degrees of freedom is

df = 3 x no. of observations - 4 x no. of waves

f our

Hence there should be no difficulties with the statistical analysis.

There is, however, a difficulty with solving the equations. If

the prediction equations 6.1.1 to 6.1.8 are substituted into 6.2.1 and

the indicated differentiationsl performed, then it is immediately obvious

that the equations are not only nonlinear, but also transcendental. In

addition, the predicted values which wpuld have to be calculated for each

of the observed times and depths are very complicated. Hence there will

obviously be some difficulty in carrying out the entire operation.



6.3 Numerical Experiments With the inverse Problem  

In order to minimize these difficulties, numerical experiments 

were carried out which analysed invented data. Since the data are 

invented, the parameters which were used to make up the data should be 

the solutions in the analysis of the data. If an attempt were made to 

analyse real data from the beginning, there would be no absolute check 

on whether or not the answers were correct. 

The computer program that was written for Section 6.1 will 

generate data in the form of density and the two components of velocity 

at a given location for a number of depths and times. A second computer 

program was written to read in these values and to solve the nonlinear 

least-squares equations for the wave parameters. To reduce the complexity 

even further for the numerical experiments, the first simplification was 

to use only Kelvin waves in the prediction and the analysis programs. The 

second simplification that was made was to assume linear density gradients 

in the horizontal directions. These two simplifications have been made 

in all of the numerical experiments. 

By assuming that all of the waves are Kelvin waves, a considerable 

linearization of the equations may be carried out by setting the origin 

of the co-ordinate system to the measurement point and defining two new 

variables as 

C. = H.coscP. 
J 	J 	J 

S. - H.sin(1). 
J 	J 

This means that the velocity portions of the least-squares equations are 

linearinC.andS.,the density portion is considerably simplified, 
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and the only transcendental nonlinearities are in terms of the

directions, 6j , and the advection distances. This is the same

substitution that is used in the harmonic method of tidal analysis

to make those least-squares equations linear.

In the first computer program that solved the least-squares

problem, the equation solver chosen was the one employing Brown's

Method that'was used in Chapter 2 (Brown, 1967, 1969; Muir, 1975).

Unfortunately, it proved impossible to get the equation solver to

converge upon an answer. The difficulty was that the Jacobian matrix

for the Quasi-Newton's method was almost singular. The most common

cause of singularity is that the equations have no solution or

that there is an error in the programming that has the same effect.

The second most common cause is that there are multiple solutions of

the equations which are near the starting solution. Since the equations

are not only nonlinear, but also transcendental, and they most definitely

do have at least one solution, the second reason seemed to be entirely

possible.

A second equation solver was chosen which would eliminate this

possibility. This second solver chosen was one developed by Powell (in

Rabinowitz, 1970) which is available through the NAG library. It employs

a mixed method of solution, commencing with gradient search technique

and then switching over to a Newton's method when very close to a solution.

The major difficulty with the technique is that,due to the gradient

search method, it uses large amounts of computer time. On the other hand,

since the step sizes are very small,.if there is a solution near to the



starting point, it will find this solution. There were very few

difficulties in finding solutions using the gradient search method.

Since the equation solver took up large amounts of computer

time, a fairly restricted data set was used for the tests. The data

set was computed using the vertical structure from the St. Lawrence and

linear density gradients in the long-and cross-channel directions. Six

waves were used to generate the density and velocity observations . The

M2
frequency contained the barotropic and the first two baroclinic

modes, the M4 frequency contained the barotropic and the first

baroclinic mode and the M6 frequency contained only the barotropic

mode. Various trials were run, but the solutions were computed to only

a small number of significant digits since each of the tests described

here took about 500 seconds of CDC 7600 time and so all of the tests

were very expensive in terms of computer time. The complete sequence of

development and testing used in excess of 7 hours of CDC 7600 time. All

of the calculations were done using 64-bit word lengths, and the data

files were generated to 8 decimal places. Hence roundoff and truncation

errors should not be a factor in the answers.

The first series of tests was to use an initial guess to the

solution that was fairly close to the correct solution. The initial

phase was chosen to be 90 0 away from the phase of the true solution and

then the initial guess was taken to be a multiple of the true solution.

It was anticipated that these tests would provide answers very close to

the true solution.

The results of four tests are shown in Table 6.3.1. The

column headings are the factors by which the true solution was multiplied



True

Solution 0.99 0.95 0.50 0.10

1 3.00 3.0003 3.0001 0.0504 0.0521

2 2.50 2.596 2.4957 0.01997 0.00199

3 1.00 0.70658 0.95736 0.00297 0.00128

4 2.00 1.9992 1.9993 0.0787 0.000552

4 003505 0.50 0.4025 0.53125 0.007 1 0.0

6 1.50 0.000989 1.5001 0.00150 0.000375

1 32.704 33.063 33.008 115.00 114.90

2 61.352 37.738 61.046 100.50 93.00

3 90.00 107.510 82.200 -26.96 156.20
w

4 -24.59 -23.84 -23.98 61.60 64.20
P4

5 4.06 32.33 8.94 57.20 64.70

6 20.28 112.25 21.21 104.4 98.4

1 57.30 57.37 57.29 -31.3 -31.9

2 0.00 -3.70 -0.08 -14.0 -17.4

ô 3 -57.30 -58.64 -59.28 -35.5 -39.1

4 57.30 57.82 57.30 -32.4 - 0.63

5 28.65 67.62 26.34 -15.90 -11.8

6 -28.65 34.49 -28.65 -13.30 0.54

ITERATIONS 163 163 235 235

F.res2 1.770 0.0187 0.0454 0.0111

-0.00095 -0.00006 0.00259 0.00274p

MAX. 0.84 ±0.01 2.25 2.28u

ERROR

L
-0.46 ±0.01 -2.75 -2.76

v
- -

TABLE 6.3.1 KELVIN WAVES - Solving for amplitude, phase and

direction.
Initial gµess to solution as a factor of true solution.
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to give the initial starting solution after the phase had been 

shifted by 900 . The amplitudes are in metres, the phases and directions 

are given in degrees, the densities are in gm/ml and the velocities in 

metres/second. The number of iterations is given and the sum of the 

squares of the residual errors is also given along with the maximum 

errors for the density and the two velocity components. 

The only answer that is close to the 'true' solution is the 

one which started at 95% of the true solution. However, the other 

answers are in fact solutions, in that the sum of the squares of the 

residuals are small, and they are converging. The difficulty here is that 

the least -squares solution requires that the sum of the squares of the 

residuals be a minimum, and not that the observations exactly match the 

computed values. The solution surface in the eighteen dimensional 

solution space is very complicated and has local minima that the least-

squares technique finds. 

It may be thought that the multiplicity of 'solutions' is not 

a major problem, since it is fairly obvious from an inspection of the 

maximum errors that these alternative solutions are 'wrong' and that it 

would be time-consuming, but possible to try various initial guesses 

until the maximum errors are minimized. There is, however, another 

practical problem that has not been considered in these tests. 

The assumption made in these tests was that it was known 

beforehand which were the appropriate modes to use for each frequency. 

It is very simple to determine the appropriate frequencies to use for 

the fits from the long period tidal records, but it is not easy to 

determine exactly which vertical modes are appropriate for each frequency. 
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The second set of tests shows the difficulties that can arise if the

correct frequencies or number of modes are not known. Test 1 used

only four constituents to fit the data set, the proper M2 constituents

and the M4 barotropic only. Test 2 used the correct number of

constituents but tried to substitute the second baroclinic mode for the

M4 in place of the M6 barotropic mode. Tests 3 and 4 used nine

constituents, adding in the second M4 baroclinic mode and the first

two M6 baroclinic modes. The difference between tests 3 and 4 is in

the starting guess to the true solution.

In all four of the tests, the sum of squares of the residuals

is very small, and so the equation solver has found local minima. In

Tests 1 and 2, the maximum errors would indicate that the solution is

inappropriate, but in Tests 3 and 4, there would be no indication that

the solutions are wrong, since the maximum errors are very small, and,

in both cases, the answers look quite reasonable. Tests 1 and 2 are,

however, unrealistic, in that one whole-frequency band has'been missed

out of the solution, but this would not be a problem in practice.

Tests 3 and 4 are very realistic, in that it would usually be the case

that one would look for more modes than are in the observations. If

the problem were a linear one,looking for more modes than are in the

solution could be overcome by a stepwise regression technique, but this

will not work for the nonlinear case, since the solution is not unique.

Therefore, an optimum number of vertical modes for one solution is not

necessarily an optimum number of vertical modes for a different solution,

and there is not necessarily any way of determining which one of the

many possible solutions is the correct, physical solution.



True 4 Consti- TEST TEST TEST

Solution tuents 1 2 3

1 3.00 3.215 3.124 2.9736 2.9683

2 2.50 0.2570 2.850 2.2360 0.5373

3 1.00 0.4629 0.684 1.6076 0.7634

4 2.00 0.0063 0.003706 1.9884 1.9780

5 0.50 - 0.003497 0.27676 0.9751

6 - - 0.05644 1.1974 1.1699

7 1.50 - - 1.4989 1.4772

- - - 0.6159 0.3931

9 - - - 1.0099 3.0609'

1 32.704 29.274 29.19 32.939 32.887

2 61.352 -48.026 37.26 64.885 3.449

3 90.00 -10.767 73.29 75.413 32.904

4 -24.59 63.982 63.36 -24.048 -24.037

5 4.06 - 67.71 99.42 89.846

6 - - 85.43 152.14 83.484

7 20.282 - - 21.141 21.181

8 - - - 11.580 1.765

9 - - - -17.306 5.932

1 57.30 57.508 57.485 57.279 57.288

2 0.0 -13.396 4.588 0.2633 35.552

3 -57.30 22.717 -55.337 -86.026 -55.411

4 57.30 50.704 62.068 57.334 57.181z

^ 5 28.65 - 0.99995 7.611 65.296

^ 6 - - -30.509 -22.816 -15.432

7 -28.65 - - -28.582 -28.348

8 - - - -39.749 3.862

9 - - -44.186 67.446

TERATIONS 145 145 145 145

Eres2 12.074 1.2513 1.887 5.080

p -0.00185 -0.00154 -0.00047 0.00110

MAX u -1.49 -1.47 -0.05 -0.09

ERROR v 1.52 1.51 -0.04 -0.05

TABLE 6.3.2 Kelvin waves using incorrect number of constituents.

Solving for amplitude phase and direction.



In general, then, the conclusion is that it is impossible 

to solve the inverse problem in the way that it has been set, or in 

a more general setting, such as allowing Poincare waves or trying to 

solve for the density gradients as well as the wave parameters. 

If the problem is restricted to Kelvin waves as before, but 

the direction of the waves is assumed to be known, then the solution 

space is considerably simpler. Using the same data set as before, it 

was found that the true solution would be obtained for the first set of 

trials if the initial guess to the solution was between 0.8 and 1.5 of 

the true solution. Outside of this range, different solutions would be 

obtained. As in the previous case, if too many frequencies or modes 

were used, the wrong solutions were obtained. 

Even if the correct number of modes is used at each frequency, 

the waves are known to be Kelvin waves, the correct number of frequencies 

is known, the horizontal density gradients are linear and known and the 

direction from which the waves are coming is known, it is impossible to 

solve the inverse problem in general. This is simply because the 

solution space is complicated enough that it has local minima which are 

very close together. In\the analysis of data from a real estuary, of 

course, almost none of the simplifying assumptions would hold. In general 

it would not be possible to know which modes are important, the waves are 

unlikely to be pure Kelvin waves, the horizontal density gradients would 

not be linear and they probably would not be known to any great degree 

of accuracy. In addition, it would be impossible to know, in advance, 

the directions of the waves. Hence the solution of the inverse problem 

in an estuary is impossible in'any practical sense. 
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The final objection that could be raised against the

practicality of a solution, at the present time, is the large amount

of computer time that would be required. Most of the computer time

in the above solutions is taken up in calculating the density and

velocity information at each depth and time for each iteration. This

would increase linearly with the number of constituents used and the

number of observations. The test cases above used 11 depths, 9 times

and 6 constituents and each trial used up about 500 seconds of CDC 7600

time. Doubling the number of constituents would double the amount of

time used in calculating the densities and velocities and would increase

the time for the equation solver by a factor of four. Twelve

constituents use up about 1200 seconds of computer time per trial.

It would seem reasonable that if a number of stations were

solved simultaneously, then the solution space may be simplified enough

that the true solution would appear. However, going to a solution

involving, say, three simultaneous stations, would increase the computer

time required to about 4000 seconds per run and this would be a very

expensive experiment to try. In any case, there is no data set from the

St. Lawrence that has three or more simultaneous stations, and there are

no precise data on the horizontal density gradients in the St. Lawrence.

For these reasons, the experiment was not tried.

6.4 Linearization of the Inverse Problem

There is one major simplification of the inverse problem that

yields results. This is simply to ignore the horizontal density

gradients. If they can be ignored, then the advection terms do not appear



in the problem, and the inverse problem becomes considerably easier

to handle mathematically. Since the velocities do not appear in the

density equation, there is then no need to involve all of the

observations in one equation as is done in equation 6.2.1, and there

will be three separate least-squares problems, one for the density,

one for the long-channel velocity and one for the cross channel

velocity. In addition, all of these problems are linear, and so they

each have a unique solution. The results of the two velocity fits

may be combined into constituent ellipses using equations 3.2.4,

and 3.2.5. There is very little probiem carrying out the programming

for the three fits and solving the equations and so this was done and

tests made on the St. Lawrence data. The results presented here are

also to be found in Muir (1979b).

The results shown in Table 6.4.1 are from station 75-OO1B

which is 10 km downstream from Pointe au Pic and 2 km from the north

shore. The observations covered 13 hours of a spring tide cycle. The

fit to the density observations is shown in Figure 6.4.1. The results

shown in Table 6.4.2 are from station 75-001C,which is in the same

location, but covered 13 hQurs of a neap tide cycle. The fit to the

density observations for this station is shown in Figure 6.4.2. The

standard error of estimate for the major and minor axes of the ellipses

is 1.86 cm/sec for station 75-001B and 2.1 cm/sec for station 75-001C.

Clearly the fits are very good. Since there were a large

number of frequencies and modes used in the fits, the results are what

would be expected from what is, after all, a Fourier analysis of the

observations.
What is more interesting are the numbers in the tables.
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Table 11.4. 1 (from 1.:uir, 1979b) 
Internal Wave Parameters for Station 75-001“. Standard Error for Major and Minor Axes of Ellipse 

Is 1,86 cm/sec. Phase is in flours after High Water at Pointe-au-Pic. Spring Tide Conditions. 

Density 	 Velocity 
Const 	Mode 	1 requency 	Wavelength 
name 	No. 	(rail/hi) 	(km) 	Amp. 	Phase 	Major 	Minor 	Inclination 	Phase 

(m) 	(hrs) 	(cm/soc) 	(cm/sec) 	(degrees) 	(hrs) 
•  

o 	0.50589 	1619.5 	8.23 	- 1.14 	78.62 	2.49 	41.4 	-4.42  
Me 	1 	0.50589 	47.7 	828 	4.18 	9.37 	2.29 	40.7 	6.57 

2 	0.50589 	22.0 	1.87 	6.05 	23.31 	. 	-2.40 	37.3 	0.19 
3 	0.50589 	14.8 	4.04 	2.47 	3.24 	-1.08 	58.1 	2.99 

o 	1.01178 	563.5 	9.72 	-1.76 	13.35 	-0.68 	34.4 	--1.49 
M4 	1 	1.01178 	16.60 	1.19 	- 2.96 	27.18 	-2.98 	286 	-1.50 

2 	1.01178 	7.73 	2.40 	1.11 	4.62 	-2.60 	69.3 	-2.35 
3 	1.01178 	5.15 	2.68 	3.05 	5.79 	2.89 	169 5 	1.81 

- 	 - 	 
o 	1.53243 	355.2 	5.58 	-1.92 	5.72 	0.21 	28.6 	1.16 

1,4 	1 	1.53248 	10.46 	8.56 	-1.66 	14.51 	-1.31 	70.0 	1.43 
2 	1.53248 	4.87 	2.15 	-0.64 	9.59 	-2.34 	10.7 	0.01 
3 	1.53248 	3.25 	2.04 	2.00 	3.56 	0.20 	124.0 	3.41 

0 	1.99466 	269.2 	33i 	0.76 	8.24 	1.64 	49.0 	' 	0.76 
Mil 	1 	1.99466 	7.93 	2.56 	1.09 	9.97 	--2.86 	25.7 	0.54 

2 	1.99466 	3.69 	2.69 	0.92 	536 	--3.03 	15.8 	0.83 
3 	1.99466 	2.46 	1.64 	1.12 	394 	• 	0.41 	36.8 	1.64 

o 	2.57507 	206.9 	1 74 	0.01 	2.49 	1.93 	9.0 	0.33 
Mu 	1 	2.57507 	6.09 	2.67 	- 0.01 	4.28 	1.63 	84.7 	0.02 

2 	2.57507 	2.84 	0.69 	0.17 	4.72 	-2.19 	80.56 	0.46 
3 	2.57507 	1.89 	0.16 	1.11 	7.15 	--1.16 	25.23 	-0.81 

o 	3.06496 	173.2 	3.35 	--0.24 	1.86 	-0.63 	86.9 	-0.31 
Mu 	1 	3.06496 	5.10 	4.05 	-0.36 	5.24 	-1.59 	157.2 	- 0.04 

2 	3.06495 	2.38 	1.63 	-0.20 	4.41 	-1.43 	90.0 	0.35 
3 	3.06496 	1.58 	7 .17 	-0.33 	2.30 	1.18 	119.3 	1.45 
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Table G.4.2. (from 11uir, 1979b)
inturn,nl wivo pvnmelnr., for Station 75-001C. Standard error for maior and minor axes of

Fliipsn In 2.1 cm/sec, Phaso is in hours attur high water at Pointe-au-Pic. Neap tide conditions.

?onst Modo frn ue c W f h
oonsity Yerocrty

. q n y ave enqt --- --- -
name No. (radlhr) (krn) mp. Phasn Major Minor Inclination Phase

(m) (hra) (cm/soc) (cm/sec) (degrees) (hrs)

0 0.50589 1547.1 7.49 5.25 50.0 0.51 37.9 1.65
M2 1 0.50589 57.5 10.97 4.71 21.0 2.0 30.6 -3.73

2 0.50589 26.3 3.85 5.88 14.9 8.3 61.9 5.51

--

3

-

0.50589 17.6 3.38 5.28 7.9 --5.6 79.6 2.20

0 1.01178 538.3 6.82 -0.38 5.9 -0.1 56.6 2.81
M4 1 1.01178 20.0 N.51 -0.15 19.2 2.8 31.1 -2.07

2 1.01178 9.16 5.38 -0.14 19.6 1.7 52.5 -0.59
3 1.01178 6.12 1.79 - 1.14 9.1 --2.6 128.7 3.20

0 1.5.3248 339.4 7.02 0.67 3.5 - 1.5 173.1 0.35
Me 1 1.53248 12.6 8.75 0.74 9.9 -- 68 55.5 -1.23

2 1.53248 5.77 4.15 0.61 7.2 -0.8 102.9 2.89
3 1.53248 3.86 1.60 0.12 7.0 - 0.8 6.3 2.06

0 1.99466 257.2 3.42 0.53 3.0 -2.0 48.8 1.86
Me 1 1.99466 9.56 2.39 0.63 4.2 -1.4 3.6 0.95

9 1.99466 4.38 0.97 0.70 8.9 0.8 83.1 -0.84
3 1.99466 2.92 1.72 0.39 7.5 -1.7 79.4 -0.61

^ 0 2.57507 197.6 2.72 -0.92 1.7 -0.9 116.4 0.90
M,0 1 2.57507 7.35 3.38 - 1.02 9.4 0.6 72.6 1.17

2 2.57507 3.36 1.85 - -0.84 3.6 14 32.1 0.78
3 2.57507 2.25 0.24 - 1.09 3.1 2.2 31.3 0.47

0 3.06496 165.5 4.69 0.29 1.01 -0.62 75.6 0.43
M,: 1 3.06496 6.15 4.39 0.25 1.9 1.1 53.1 0.64

2 3.06496 2.82 321 0.33 2.2 1.0 91.6 -0.10
3 3.06496 1.88 1.96 0.23 4.2 -3.2 178.9 0.79
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The waves amplitudes are much too high, which is simply because the 

horizontal density gradients have been ignored. The density gradients 

do not affect the velocities however, and these are very interesting. 

If the waves were propagating directly up the Estuary, the inclination 

of the ellipses should be about 550  and so these tables show that the 

wave directions are seldom directly up the Estuary. 

The negative signs for the minor axis of many of the ellipses 

indicate that these ellipses rotate clockwise, which is the wrong 

direction for a Poincare wave, as explained in Section 3.3. Therefore, 

it is not the case that the waves are either purely Kelvin or Poincare 

waves. In many cases, the length of the minor axis is not significant, 

since it is less than the standard error of estimate but for the 3rd 

internal mode of the M2 at station 75-001C, not only is the minor axis 

significant, but it also rotates the wrong way. In addition, it is 

impossible for a Poincare wave to exist for this mode, and so the wave, 

if it is simply one single wave, must be a Kelvin wave. This is good 

evidence for the hypothesis that there are reflected waves in the Estuary, 

and that these reflected waves do induce rotation in the wrong direction 

as suggested in Section 3.3. 

The distribution of the energy in the internal waves through 

the modal structure is not uniform in very many of the frequency bands 

and such phenomona as the high energy in the second internal mode of the 

M2 frequency of station 75-001B, for example, may be instances of local 

resonances which occur due to the wave number matching the local 

topography. The high energy for this wave is not seen in the other table, 

where the wave number is different due to the different tidally-averaged 

density structure. 
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The final comment to be made on the two results is that

the internal wave figld is distinctly different in the two tables.

This could well be simply due to the different tidally averaged

density structure in the two cases, which give rise to different wave

numbers and hence to very different resonances and energy distributions

in the Estuary. Whatever the reason, it is very obvious that the

internal wave field in the Estuary varies with the state of the Spring-

Neap tidal cycle.

This linearization of the inverse problem is very unsatis-

factory from a mathematical point of view and from an oceanographic

point of view, since the simplification made by neglecting the horizontal

density gradients cannot be justified. However, this only means that the

density observations cannot be used for the fit. On the other hand,

since the velocities are not affected by the density gradients, the fit

of the velocities is very useful. It has shown that in an actual

estuary, the St. Lawrence, the waves are not necessarily simple Kelvin

or Poincare waves, which propagate directly upstream. It has also shown

that the internal wave structure of the Estuary is not a constant field,

but varies with time and so could be very complicated. One of the

problems with using the observations from a single thirteen hour station

is that it is impossible to separate out all of the tidal frequencies

that are known to be in the signal. If the period of record was of the

order of thirty days, to allow the separation of all of the relevant

tidal eonstituents,and if a number of these stations were analysed

simultaneously, to reduce local effects and to allow separation of direct

and reflected waves, then it may be possible to describe the internal

wave field in a more satisfactory manner.



6.5 Discussion

The purpose of this Chapter has been to attempt the solution

of the prediction problem and the inverse problem. The prediction

problem is quite simple and can be used to show that very simple systems

can produce observations which are very similar to those found in

typical partially-mixed estuaries.

The inverse problem, on the other hand, is very difficult

indeed. By considering a quite simple portion of the problem it is

possible to show that the problem cannot be solved by a direct solution

of the full nonlinear, transcendental equations, due to a multiplicity

of roots near the 'correct solution'. A useful and partially satisfactory

result may be obtained by decoupling the velocity from the density,

solving for the velocity and then solving the density equation. This

result, however, would only be satisfactory if the observations are

completely noise-free, the waves are purely progressive Kelvin or Poincare

waves, and the horizontal density gradients are unimportant. In an

estuary such as the St. Lawrence, these assumptidns may be shown to be

false.

It may well be that the inverse problem could be solved in

general if there were a number of synoptic stations which could all be

solved simultaneously. Having a number of simultaneous stations would

not only simplify the solution space considerably, but also would provide

enough information to compute the density gradients to the required

degree of accuracy and also would allow the separation of direct and

reflected waves. A further requirement would be that each of the



stations had a sufficiently long record, one month at least, to 

allow the separation of all of the important tidal constituents. 

The only difficulty with this approach would be the massive amounts 

of computer time required for the solution. This difficulty may 

not be of much importance in a few yearetime, given the development 

of more sophisticated computing systems and methods. 
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Chapter 7

Physical Processes in the St. Lawrence

7.0 Introduction

The original purpose of the St. Lawrence Current Surveys

was to discover and relate all of the physical processes which

control the circulation of the Middle Estuary.

The previous five chapters have gone to considerable

lengths to discuss the effects of the tidally-averaged density

structure and the internal wave structure in partially-mixed

estuaries in general, and the St. Lawrence in particular. The

processes that have been of interest have been confined to the tidal

frequencies in the interval (N,f), with the length scale of one

tidal excursion. Although the two processes, discussed previously,

are of major importance in the circulation of the Estuary, there are

many other processes which are also of major importance and which

interact with the tidally-averaged density structure and the internal

wave structure.

In this Chapter, an attempt will be made to put the

circulation processes in perspective and to show the inter-relation-

ships between all of the various processes which affect the circulation

of the Middle Estuary of the St. Lawrence.

7.1 Tidal Processes

In order to guide the discussion, Figure 7.1.1 is a diagram

of all of the important physical mechanisms which operate in the

Middle Estuary of the St. Lawrence. The interactions in the diagram
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are shown by arrows which indicate the direction of the

interaction and which attempt to give a qualitative estimate of

the importance of the interaction by the weight of the arrow.

Many of these processes have been mentioned in the previous chapters

but major discussion on them has been left until now. In some of

the cases, there is no direct observed evidence for the processes,

although in all cases there is good theoretical evidence that they

should play some role in the circulation of the Middle Estuary.

Because of the many interactions in the diagram, it is

arguable that there is a best way of discussing all of them. A

natural place to start is in the Atlantic Ocean and the Gulf of

St. Lawrence with the surface tides. These tides propagate up the

Gulf and the Lower Estuary, unaffected by the density structure of

the water, but very influenced by the topography of the channel, and

the Coriolis Forces. They do not propagate directly up the channel,

parallel to its axis, due to the bends in the channel but are

reflected and refracted in accordance with the shape of the sidewalls

and the bottom. The nonlinear effects of friction and advective

accelerations cause the creation of shallow water constituents which

interact with the original surface tides.
Although these surface

tides are not strongly affected by the density structure in the

Lower Estuary, they do induce mixing and the formation of a typical

partially-mixed estuarine circulation pattern.
Due to the nature of

the tides, they contain frequencies up to 19 years in length and have

a very definite Spring-Neap frequency and diurnal inequality. By

the time Lite e i<Ie :^ remit t he uI)her end of Lite I,<iuretltlan 'frou};h

then, they already possess considerable complexity. The structure of

the tides in the Lower Estuary is dealt with by Godin (1979), the
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generation of shallow water constituentsby Dronkers (1964),

and the formation of partially- mixed estuarine circulation by

Dyer (1973) and Officer (1976).

The upper end of the Laurentian Trough is the generation

point (or area) for the internal tides (Forrester, 1974), and at

this point a number of mechanisms interact. The generation

mechanism at a sloping shelf region has been discussed by

Prinsenberg and Rattray (1975) for the inviscid case and for a

steplike structure in the viscous case by Prinsenberg, et al (1974).

The effects of refraction have been discussed by Wunsch (1969).

The results are that the surface tides generate internal tides which

propagate both upstream and downstream, as well as creating new

shallow water constituents due simply to the nonlinear effects of the

topographic changes.

At the upper end of the Laurentian Trough is the Saguenay

River, which inputs a considerable amount of fresh water into the

Lower Estuary. The variations in this runoff contribute significantly

to the mean density structure of the Lower Estuary (Neu,1975 and

E1-Sabh, 1979). In addition, this input of water provides cross-

channel flows which interact with the internal tides generated at the

Laurentian Trough to provide the cross-channel momentum for Poincare

waves, and could somewhat deflect the direction of propagation of the

waves. The seaward propagating waves cause shears and mixing in the Lower

Estuary which affect the mean density structures in the Lower Estuary,

which in turn affect the propagation of the internal waves. The final

major effect of the Laurentian Trough on the propagation of both the

internal and surface tides in the Lower Estuary is through the mechanism

of blocking and the possible formation of internal hydraulic jumps (Turner,



1973). The whole subject of uptide influence is difficult

(Baines, 1977) and is mentioned here only for completeness.

The effect of all of the processes in the Lower Estuary

is to generate internal tides and to modify the surface tides that

propagate into the Middle Estuary. As these tides propagate into

the Middle Estuary, they are in turn affected by processes in the

Middle Estuary and the interactions are passed back into the Lower

Estuary. The total effect is to modify in a continuous way the

mean density structure of the Lower Estuary, which influences the

propagation of the internal tides in the Lower Estuary and is also

the source of relatively dense water which penetrates the Middle Estuary.

Hence the downstream boundary conditions for the Middle Estuary are

very variable in that the amount of energy, the distribution of the

energy between the surface and the internal tidal modes, the direction

of propagation of the waves, and the water properties in the Lower

Estuary are changing all of the time in a way which depends upon the

conditions in both the Middle and the Lower Estuary.

Upon arrival in the Middle Estuary, the tides are immnediately

split by Hare Island.
In the relatively shallow South Channel,

considerable mixing occurs and the 1977 Data Report (Muir, 1979a) shows

that the vertical density structure is generally quite well mixed.

In the lower part of the South Channel, fronts are frequently observed

and Ingram (1976) notes that they are formed when the relatively warm,

fresh water in the South Channel meets the colder water upwelled at

the Laurentian Trough during the flood tide.
Since the water in the

South Channel is vertically well mixed, no internal tides are able to

propagate in the South Channel.
Hence the South Channel acts as an

energy sink in the system and provides a source of well-mixed relatively
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warm, fresh water for the Lower Estuary. 

In the North Channel, both the surface and the internal 

tides propagate without hindrance, since there is a well-developed 

vertical tidally-averaged density structure, as was shown in 

Chapter 2. The energy distribution between the barotropic and the 

baroclinic waves as well as the modes present, vertical as well as 

horizontal (cross-channel) will be determined by the conditions at 

the head of the Laurentian Trough. However, due to the changing 

topography and the relatively long length of the  waves,  the  waves 

will not necessarily be in dynamic balance at any point in the North 

Channel. The total length of the North Channel is of the order of 

70 km, and this is less than two wavelengths long for the first 

internal mode of the M2 and only about ten wavelengths long for 

the M
6 internal constituents. 	In this length there are significant 

changes in the width and depth of the Middle Estuary and so the waves 

could always be in a process of adaptation to the topography. 

In particular, the cross channel wavelengths must adjust at 

the beginning of Hare Island and at the end of Hare Island where the 

width of the Estuary changes abruptly. 	The vertical wavelengths must 

also adjust from the 50 metre depth passing over the top of the 

Laurentian Trough to a maximum depth of about 180 metres at the south- 

west end of Hare Island and back to the 38 metre depth over the Morin 

Bank. Each adjustment in the cross -channel or vertical wave number 

must be matched by a corresponding adjustment of the long channel 

wave number. 

The north sidewall of the North Channel is very steep, 

and combined with the bend in the channel at the mouth of the Saguenay 

( 
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River, should allow sidewall reflexions to occur. Since the

edge of the channel is not perfectly straight, a certain amount of

scattering could occur, although the exact amount would depend

strongly upon the match between the length of the topographic

features and the wave number of any particular wave.

The sloping bottom in the North Channel does not strongly

affect'the propagation of the Kelvin and Poincare waves although there

will be a cross-channel adjustment in the vertical wave number

(Vermersch and Beardsley, 1976). However, since the waves do not

propagate directly parallel to the axis of the channel, they should

be refracted on the south side in the same way that surface waves are

refracted when approaFhing a shelving beach (Wunsch, 1969). Whether

or not the waves are dissipated by viscous effects and boundary layer

formation on the south side of the channel,or whether they are reflected

and refracted back into the channel must presumably depend upon the

particular wave in question, its frequency, wavelength, and modal

structure and total energy. At the low frequency end of the spectrum,

there should be some energy absorbed in the generation of bottom-

trapped Rossby waves, due to the sloping bottom (Vermersch and Beardsley,

1976), but no evidence for these Rossby waves has been found.

Due to the changes in topography and also due to the changes

in the mean density structure with time in the North Channel, there is

a continual variation in the wave numbers of the internal modes. Some

of these wave numbers are quite near the length scales of various

topographic features, and so it is possible that resonances could be

set up. These resonances would not necessarily be present at all times,

but when present could strongly affect the mixing and observed properties

of the water at certain locations. In particular, the 'hole' in front
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of the Morin Bank seems to be a prime candidate for resonance to

occur in the form of standing waves, if the particular wave is

reflected from the Morin Bank without too much loss of energy.

A second effect of the continual adjustment of wave number due to

the changing topography and density structure would be the occasional

presence of wave-wave interactions (Phillips, 1966). These wave-

wave interactions could be a mechanism for the transfer of energy to

the smaller scales and the creation of new modes or augmentation of

existing modes at higher frequencies.

As the waves pass up the Estuary, their interaction with

the Morin Bank is critical. The downstream face of this Bank is

steep enough that many of the waves will be reflected back downstream

as discussed in Section 4.6. Upon reflection the reflected amplitude

of the wave is almost equal to the incoming amplitude (reduced only by

frictional losses), but the reflected wave number is different from

the incoming wave number (Phillips, 1966). This, then, provides

another wave number to be adjusted as it passes down the Estuary and

interacts with all of the previously discussed factors. However,

the Estuary presents quite a different shape to the wave during the

downstream trip compared with what it was during the upstream trip,

and so the effects upon a downstream travelling wave will be different

from the effects upon an upstream travelling wave.

Wunsch (1968,1969) has discussed extensively the mechanisms

of an internal wave interacting with a sloping bottom. Of particular

interest in the case of the Middle Estuary is the development of a

frictional boundary layer on the slope,and the apparent decrease in

wavelength up the s.lope. In the cases Wunsch was discussing, the slopes

were very long in comparison to the wavelengths of his internal waves.
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and on the St. Lawrence, the length of the slope would be quite 

short. However, the results should hold in a qualitative manner 

at least. 

As in the discussion on the head of the Laurentian Trough, 

the phenomena of blocking may be quite important. Of perhaps more 

importance, since the water above the Morin Bank is also stratified, 

is the possibility of lee waves. De Guise (1977) discusses lee 

waves downstream of the Morin Bank which have periods on the order of 

2 to 5 minutes, but does not discuss waves of tidal frequencies. 

Bell (1975) and Baines (1973, 1979) discuss the problems and theory of 

lee waves generated by topography, but they consider only 'small' 

bumps and 'slightly' stratified fluids, whereas in the Estuary, the 

Morin Bank is large and the tidally-averaged stratification is 

strong. However, the strong effects produced by small bumps and slight 

stratification are an indication that this effect may be very important 

upon the St. Lawrence. 

Even though the downstream slope of the Morin Bank is large 

enough to reflect internal tides most of the time, the observations 

show that there is no appreciable difference in the water on either 

side of the Bank. This would indicate that there is flow over the Bank 

at some times and for some waves. In addition, since the Bank is 

approximately 70% of the depth of the channel, there must be extremely 

strong mixing taking place at some portions of the tidal cycle to take 

the dense water from the bottom on the downstream side of the Bank to 

the upstream side of the Bank. This then raises the possibility of 

breaking internal waves and the creation of internal hydraulic jumps 
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on the Morin Bank. There is no direct evidence for these two

processes, but the circumstantial evidence would indicate that they

do occur.

Fronts are a quite common feature on both sides of the

Morin Bank on the changes of the tide. These are produced by the

shears that are set up due to the difference in time at which the

tide changes on the surface and at the bottom. The high density

gradients that are set up by the fronts could have strong effects

on the internal waves by the mechanisms discussed in Section 5.2.

The mixing that occurs above and on the Morin Bank is very

strongly influenced by the properties of the upstream water and by

the internal waves coming over the Morin Bank. The strength of the

mixing processes could vary from being very weak, when the internal

tides are mostly reflected from the Bank,to quite strong if the

internal tides are breaking over the Bank. This process could be

catastrophic in the sense that the resultant effect would be quite

different in each case and would have far-reaching effects upon the

downstream density structure, which would in turn affect the wave

numbers of the internal tides in the downstream section.

All of the above effects are complicated in themselves, and

because of their interactions with the other effects, it would be

very difficult to quantify each and every one of them. In Figure 7.1.1

an attempt has been made to indicate all of the possible interactions,

and to quantify the strengths of the interactions into strong and weak

effects, by the weight of the arrows. However, the discussion above

is very qualitative and by no means exhaustive. Many of the interactions

are very sensitive to each other and small changes in one could have

serious repercussions on another process.



For example, a small decrease in the upstream density 

could change the density downstream of the Morin Bank enough that 

one particularly strong internal wave mode would break over the 

Morin Bank instead of being reflected by it. This could then 

introduce dense water from the bottom over the Bank and mix it with 

the water above the Bank which would then change the mean density of 

the water above the Bank and equilibrium would be restored. On the 

other hand, an increase in the fresh water from the Saguenay River could 

decrease the density in the Lower Estuary enough that the entire modal 

structure of the waves in the Middle Estuary could be changed, which 

could affect all of the mixing in the Middle Estuary and the amount of 

resonance of various modes. These changes could be quite important in 

the circulation of the Middle Estuary, over a fortnightly or monthly 

time scale. 

Although the previous five Chapters were concerned with the 

interaction between the tidally-averaged density structure and the 

surface and internal tides, it will be seen from the discussion so far 

that these processes are not the only controlling processes in the 

circulation of the Middle Estuary. They are very important, but they 

do not explain everything. The long time scale variation in the tidally-

averaged density structure is also of great importance and this is 

controlled by a large number of factors, only one of which is the 

internal wave structure. On the other hand, the time variation in the 

internal wave structure is also of great importance, and this variation 

is only partially controlled by the tidally-averaged density structure. 
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7.2 Non-Tidal Processes

In the previous section, the tidal processes which

contribute to the circulation of the Middle Estuary have been

discussed. The tidally-averaged density structure is a tidal

process on the basis that the exact amount and location of the

mixing that occurs is controlled by the surface and internal tides,

but there are other non-tidal processes which also have an effect

on the mixing and on the tidally-averaged density structure. The

two most important of these are the hydrological and the meteoro-

logical conditions.

Until now there has been no mention of the hydrological

conditions in the Middle Estuary of the St. Lawrence. This has been

because the effects of the hydrological cycle could not be seen in

the data collected from the St. Lawrence Current Surveys. Neu (1975)

has discussed the effects of the hydrological cycle on the St.Lawrence

and the effects of runoff regulation on the environment over the long

term.

The total catchment basin of the St. Lawrence system is

1.5 x 106 km2 and about 40% of this is directly into the Great Lakes,

while the remainder is directly into the St. Lawrence. Due to the

vast storage capacity of the Great Lakes, their discharge varies

little over the year, although the discharge directly into the

St. Lawrence is much more variable. Regulation of the direct discharge

into the St. Lawrence for Hydroelectric power generation has reduced

this variability significantly. There are long-term variations over

the year, and in 15 to 20 year cycles, and the effects of these



varying discharges will be important since they are the major 

input of fresh water to the system. 

Over the course of one survey, however, the variation in 

freshwater discharge is very small. During the course of the 1975 

St. Lawrence Survey, the average daily discharge at Montreal was 

14,840 m3 /sec with a maximum variation of 7.5% (Water Survey of 

Canada, personal communication). The variation is barely outside 

the expected limits of accuracy of a stage-discharge curve and so 

the discharge at Montreal could be taken to be a constant, over the 

period of the surveys. 

The cross-sectional area of the Estuary, below chart 

datum near Pointe au Pic is approximately 7.08 x 10 5  m2  , and this 

gives an average nontidal velocity of 2.1 cm/sec downstream due to 

the discharge. This is, of course, only the cross-sectional average 

and would be modified at any particular location by the topography. 

Although the amount of water entering the Middle Estuary 

from upstream does not vary too much over the yearly cycle, the heat 

content does vary considerably. Section 2.1, discusses the 

temperature variation in some detail. The minimum temperature of the 

Great Lakes outflow is about 1°C from January to March and rises to 

about 20°C in August (Webb, 1975). This temperature is modified 

considerably in the St. Lawrence River and contributes to the density 

variation in the Middle Estuary. 

At the lower end of the Middle Estuary, the variation in the 

discharge of the Saguenay River has a considerable effect upon the 

density conditions in the Lower Estuary (El-Sabh, 1979), and this has 

already been discussed. 
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Meteorological conditions are variable throughout the

Estuary over any given time scale. Aubin, et al (1979) have

discussed the effects of the wind on the surface currents in the

Riviere du Loupe area. In general, easterly winds prevail in the

spring and westerly or southwesterly winds prevail over the summer,

with mean wind speeds of about 8 m/sec. Due to the topography of

the north side of the Estuary, the winds seem to blow more or less

up and down the Estuary, and the circulation and mixing effects of

these winds must, at times, be considerable.

The formation of ice in the winter months will affect the

wind-induced circulation and mixing. Ice formation starts in

December, and there is almost complete ice cover of the Middle Estuary

from about January to March. In addition to its effects in reducing

the wind-induced mixing and circulation, the ice cover should provide

another boundary layer which will increase the effects of friction

and the concomitant generation of turbulent mixing processes.

No surveys have ever been carried out in the winter months.

The result is that there is no information upon which to base

speculation concerning the seasonal variations in the circulation of

the Middle Estuary.

7.3 Dissipation Processes

The dissipation processes in the Middle Estuary are no

different from the dissipation processes in any other body of water.

Of particular importance, however, would be the boundary layer

formation due to the internal tides propagating up the slopes (Wunsch,

1969) and the form drag (McDowell and O'Connor, 1977) due to the bed
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shape of the Estuary. In addition to these two processes, the

usual effects of bottom and sidewall friction, viscous dissipation

and the generation of turbulent motions should all be important.

These processes do, however, depend very strongly upon the precise

tidal processes that are occurring in the Estuary at a given time

and would interact with them to modify the tidal processes.

7.4 Discussion

The tidal frequencies contain approximately 94% of the

energy in the Middle Estuary, and for any convincing description of

the circulation processes in the Middle Estuary to be given it is

necessary that this tidal energy be properly accounted for. It is

of long-term interest to consider the effects of the non-tidal

processes and the dissipation processes, and it is very important to

consider them if any predictive work of practical use is to be done,

but of primary importance, over the course of one tidal cycle, are the

tidal processes as discussed in Section 7.1.

Much time and effort has gone into the numerical. modelling

of the circulation of the middle Estuary, but it should be clear from

the interactions displayed in Figure 7.1.1 that the problem is

essentially a spatially three-dimensional one and that vertically-

integrated models cannot expect to do more than they have done in

considering only the barotropic tide. The interaction of the

horizontal density gradients and the barotropic tide is fundamental to

an understanding of the circulation patterns within the Middle Estuary.



There is no theoretical reason that would preclude the 

three-dimensional modelling of the Estuary, given the proper 

specification of the boundary conditions at either end of the 

Estuary. It would not be enough to simply specify the water levels 

at either end, but rather the boundary conditions must be truly 

radiation boundary conditions, in order to specify the proper number 

of internal modes and their directions of propagation. Once this is 

done, a solution to the complete nonlinear equations of motion is, in 

theory, quite straightforward. 
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Chapter 8

Summary and Conclusions

The objectives of the St. Lawrence tidal current survey were

to explain the physical processes controlling the circulation of the

Middle Estuary of the St. Lawrence and to provide means whereby the

tidal currents could be predicted with a reasonable degree of accuracy.

It is shown here that the most important determinants of the circulation

are the tidally-averaged density structure and the barotropic and baro-

clinic tidal fields. It is also shown that the physical processes

controlling the circulation are very much more complicated than was

first envisaged. They occur on many time and length scales, and their

interaction is very complicated. Although the aim of predicting the

tidal currents has not been achieved, much progress has been made towards

the aim of explaining which physical processes are of importance and what

must be done before the prediction of the tidal currents is possible.

The T- S relationships from single tidal profiling stations

show conservative mixing over one tidal cycle, but the properties of the

end members change sufficiently rapidly that there is no generally

applicable T- S relationship that would hold over the whole Estuary

for periods longer than one tidal cycle. The tidally averaged depth/

density relationship allows the separation of the vertical from the

horizontal variation.
The vertical variation may be expressed by any

one of three functional forms, but there is not enough information to

allow the expression of the horizontal variation in a simple functional



relationship. The horizontal density gradients vary considerably with

time, and it would be quite misleading to draw charts showing the

'average' density structure of the Estuary, since the horizontal density

structure of the Estuary depends in a complex way upon many factors.

An examination of the 44 current meter records that have been

collected in the Estuary shows that the tidal currents cannot be explained

by a theory of purely barotropic tides, but that it is necessary to take

into account the baroclinic motions that are sustained by the vertical

density gradients and generated by the topography of the Estuary. The

analysis of the current meter records shows that 94% of the energy is

contained within the tidal frequencies. However, the traditional methods

of tidal analysis cannot distinguish between the surface and the internal

tides, and so the tidal currents are not predictable from the tidal

constituents which arise from the traditional forms of tidal analysis.

On the other hand, many of the anomalous features which are present in

the traditional tidal analysis of the current meter records may be

explained, in a qualitative manner, by assuming a combination of baro-

tropic and baroclinic tides.

In Chapters 4 and 5, an examination is made of the propagation

of internal tides in the Middle Estuary. By using the functional forms

of the vertical-density variation,the modal structures and the dispersion

relations are calculated for the appropriate tidal frequencies and it is

shown that these forms are not particularly sensitive to the inaccuracies

in the vertical-density structure. It is shown that the horizontal

density gradients that are observed in the middle Estuary do not affect

the horizontal propagation of the internal waves, but equations are



derived which show that in general, strong  horizontal  density gradients 

will affect the horizontal propagation of internal waves. On the other 

hand, the topography of the Middle Estuary is such that the internal 

tides should be reflected and may be in resonance with sone of the 

topographic features. 

Although the horizontal density gradients observed in the 

Middle Estuary are not strong enough to significantly modify the horizon-

tal propagation of the internal tides, these horizontal density gradients 

are advected up and down the Estuary. The advection of the horizontal 

density gradients will considerably affect the measurements that are made 

by a fixed sensor. A set of equations is developed which allows the 

prediction of observationsthat would be made by a fixed sensor, given 

the density and wave fields in an estuary. Examples in a hypothetical 

channel give rise to structures that are very like those observed in 

partially-mixed estuaries. These examples also show that both the internal 

wave field and the horizontal density gradients are important and that 

neither can be neglected if the observed features are to be reproduced. 

Although the direct problem of prediction is quite straight-

forward, it is the inverse problem that is of most interest; that is, 

given the observations, to deduce the wave field that produced the 

observations. If the inverse problem were solved, it would be a fairly 

simple task to predict the tidal currents in the Estuary. Unfortunately, 

it can be shown that the inverse problem does not have a unique solution, 

since the equations are not only nonlinear but also transcendental. In 

addition, there are enough physically realistic solutions that it would 

be impossible to discover the 'true' solution without further information. 
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It may be possible to simplify the solution space if synoptic informa-

tion is available, but at the present time it seems that the computer

time required would be excessive. Some progress is possible if the

horizontal density gradients are ignored, since the equations become

linear and so the solutions are unique. On the St. Lawrence, this

procedure shows that the internal tides are reflected and that the

direction of propagation of the waves is not directly parallel to the

axis of the Estuary. To separate the direct and the reflected waves

adequately, synoptic information is required and this is not presently

available. In addition, there is not enough information available over

long enough time periods to allow the separation of the tidal constituents

and so there is not enough information available to adequately resolve

the internal wave field either in time or in space.

The two most important factors controlling the circulation of

the Middle Estuary are the tidally-averaged density field and the internal

wave field. However, these are not the only factors which need to be taken

into account if the currents of the Middle Estuary are to be predictable.

There are many other processes which interact with each other and with

the tidally-averaged density structure and the internal wave field. The

quantitative assessment of these other factors, the degree of interaction,

and the sensitivity of all of the processes to one another await a major

synoptic survey of the entire Middle Estuary.
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