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ABSTRACT  

The integration of rho-rho Loran-C, the Transit Doppler satellite system, 
ship's log, and ship's gyrocompass is studied. The mathematical framework around 
which the integration takes place consists of an extended Kalman filter. The 
Kalman filter equations are derived from basic principles and the relationships 
between the Kalman filter equations and (a) the least squares estimation algo-
rithms and (b) the recursive digital filtering equations are described. A simple 
example is used to illustrate the operation of the Kalman filter. The integration 
of rho-rho Loran-C and Transit is considered first. Essentially, corrections to 
the Loran-C range measurements are determined from comparisons with Transit via 
a linear Kalman filter. Test results using both good and bad quality data are 
described. Ship's coordinates are determined from the Loran-C ranges by a least 
squares estimation technique. The accuracies of estimates of ship's velocity 
derived from Loran-C and log and gyrocompass are analyzed. A proposed Kalman 
filter integration of Loran-C, ship's log, and gyrocompass is described. 

SOMMAIRE  

On presente une etude de l'integration du Loran-C rho-rho, du satellite 
doppler Transit, du loch de navire, et du gyrocompas. Un filtre Kalman modifie 
sert de modele mathematique d'integration. Les equations du filtre Kalman 
derivent de principes fondamentaux; on decrit leurs rapports avec (a) les algo-
rithmes d'estimation des moindres carres et (b) les equations numgriques recur-
sives de filtrage. Un exemple simple illustre le fonctionnement du filtre Kalman. 
On etudie d'abord l'integration du Loran-C et du Transit. Pour l'essentiel, la 
correction des releves de distance par Loran-C est calculee par comparaisons avec 
le Transit a l'aide d'un filtre Kalman lineaire. On presente les resultats 
d'essais sur de bonnes donnees et des donnees mauvaises. On determine les 
coordonnees du navire d'apres les releves du Loran-C, a l'aide d'une technique 
d'estimation des moindres carres. On analyse l'exactitude des estimations de la 
vitesse du navire fournies par le Loran-C, le loch, et le gyrocompas. On decrit 
un projet d'integration de ces appareils par filtre Kalman lineaire. 
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CHAPTER 1 

INTRODUCTION  

Navigation is the art of determining and controlling the motion 

of a vehicle. Navigation is used in surface and subsurface vessels, 

land vehicles, aircraft, rockets and space vehicles. This study is 

concerned with the particular problem of determining the position and 

velocity of a ship at sea. 

The mathematical foundation for marine navigation was laid at a 

time when navigation devices were unreliable and inaccurate. As the 

quality and diversity of the instruments increased the mathematical 

techniques were improved and expanded. Any method that could not be 

mastered by an intelligent seaman was discarded or replaced by an approx-

imation or a rule-of-thumb [Anderson, 1966]. Today, as even more accu-

rate and diverse instruments are being introduced, it is becoming increas-

ingly more difficult to incorporate their results into the mathematical 

framework that has evolved through the years. The result is that the 

full potential of many of these new devices is not being realized. The 

need for a more sophisticated approach involving modern high-speed 

digital computers is clear. 

1.1 	Problem Description  

This study considers the estimation of a ship's position and 

velocity from observations obtained from passive ranging Loran-C 

[Grant, 1973], ship's log [Griswold, 1968], ship's gyrocompass [Savet, 

1961], and the U.S. Navy Navigation Satellite System (NNSS) [Stansell, 

1968]. 

1 
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Errors in Loran-C ranges vary with both position and time. 

Some errors are random while others increase linearly with time so 

that the resulting positioning errors can become unacceptably large 

after several days at sea (see Table 1.1). However, Loran-C does pro-

vide continuous positioning that is relatively quite accurate over 

periods of several hours. Satellite navigation, on the other hand, 

provides positions every few hours that have a larger scatter than the 

Loran-C positions but which do not have any long term trends. Satel-

lite navigation requires an accurate knowledge of the ship's velocity 

during the satellite pass in order to achieve reasonable accuracies. 

One of the problems considered by this study is how to use satellite 

navigation positions to remove the long term error trends in the 

Loran-C ranges. 

Ship's log and gyrocompass represent the classical dead-

reckoning navigation system. Characteristic of all dead-reckoning 

systems is the monotonically increasing magnitude of the positioning 

error with time due to biases in the velocity determinations. Veloc-

ities obtained from passive ranging Loran-C, on the other hand, are 

generally noisier than velocities from the dead-reckoning systems but 

do not have the problem of biases. The second problem considered by 

this study is how to extract a smooth unbiased estimate of ship's 

velocity from these two sources of information. Another part of this 

problem involves using the log and gyro information to reduce the 

influence of the Loran-C measurement noise on the Loran-C positions. 

In essence, the objective of this study is to develop a pro-

cedure that makes the best use of the strengths of passive ranging 
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Loran-C, Doppler satellite navigation, and ship's log and gyrocompass 

while minimizing the influence of their weaknesses. The strengths and 

weaknesses of these navigation systems are summarized in Table 1.1 in 

terms of their individual error spectra and the error sources. 

1.2 	Outline of Treatment  

In Chapter 2 a general description is given of each of the 

four basic navigation systems considered in this study. The purpose 

of this chapter is to familiarize the reader with the basic charac-

teristics. The specific details used in integrating these systems are 

given in Chapters 4 and 5. 

The mathematical framework around which the integration takes 

place is described in Chapter 3. The relationship between Kalman 

filtering theory and least squares adjustment techniques of surveying 

engineering are also pointed out. These techniques are used in 

Chapter 4. 

Sections 4.1, 1.2 and 4.3 describe the techniques that were 

used for combining Doppler satellite navigation and passive ranging 

Loran-C prior to the commencement of this study. Section 4.4 de-

scribes the integration model and gives the details of how values for 

the elements of the covariance matrices are derived. In the final 

section of Chapter 4 the performance of the model under less than 

ideal conditions is described. 

Chapter 5 is addressed to the problem of the integration of 



Loran-C, ship's log, and ship's gyrocompass. In Section 5.1 the accu-

racies of ship's velocities determined from Loran-C and ship's log and 

gyro are analyzed. In Section 5.2 a Kalman filter is proposed that 

fully integrates Loran-C, ship's log and ship's gyro. 

The goal of Chapter 6 is to assess the results of Chapters 4 

and 5, to discuss the alternatives, to draw conclusions and make 

recommendations. 

Table 1.1 

ERROR SPECTRA OF NAVIGATION SYSTEMS 

Navigation 
System 

Period Contribution 
to Error 

Spectrum (m) 

Source of 
Error 

minutes 10's measurement noise 
Loran -C hours 0 - 

days 100's clock drift 

Satellite minutes - - 
Navigation hours 100's ship's velocity 

days 0 - 

Ship's Log minutes 0 - 
and hours 1,000's ocean currents 
Gyrocompass days 10,000's ocean currents 



CHAPTER 2 

DESCRIPTIONS OF SUBSYSTEMS  

In this chapter the general characteristics of ship's logs, 

ship's gyrocompasses, passive ranging Loran-C, and the United States 

Navy Navigation Satellite System are described. The specific details 

that make these systems suitable for integration are presented later. 

2.1 	Ship's Logs  

Most ship's logs measure a ship's speed through the water not 

speed over the sea bed. The observed speed therefore differs from the 

true speed with respect to the ocean bottom by an amount equal to the 

component of the ocean current in the direction the ship is moving. 

This can be a major source of error in systems relying on the ship's 

log for dead reckoning since ocean currents can attain velocities of 

3 m/s or more. 

There are four main types of ships' logs in use today: impel-

ler logs, pressure or pitot logs, electromagnetic logs, and Doppler 

logs [Griswold, 1968]. The order in which the four types of logs are 

listed corresponds approximately to: (1) the length of time they have 

been in common use, and (2) increasing accuracy. They all have dif-

ferent accuracies and reliabilities depending on many factors such as: 

ship's speed and motion, hull shape, location of the sensor on the hull, 

water temperature and salinity, sea state, etc. All except the Doppler 

log need periodic calibration and only the Doppler log and a special 

adaptation of the electromagnetic log can be used in ice. In any 

5 
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1 
	 integrated ship's navigation system it would be essential to take into 

account the characteristics of the particular type of log being used. 

For this study a Doppler log will be assumed. 

2.1.1 Ships' Doppler Speed Logs  

Doppler logs operate by transmitting sound obliquely forward 

into the water either in pulses or continuously and measuring the 

frequency change in the sound reflected back to the sensor from par-

ticles in the water. They can be of the single axis or the dual axis 

variety. Dual axis logs measure a ship's velocity in both the fore-

and-aft and the athwart-ship directions. The single axis log, to be 

considered here, only measures the ship's motion in the fore-and-aft 

direction. 

Most Doppler logs transmit a beam forward and another aft at 

depression angles of about 60°. By averaging the two Doppler shift 

frequencies errors in the speed measurement due to minor changes in 

the ship's trim are cancelled. Pulsed Doppler logs are more common 

than continuous wave (CW) logs because they are able to operate in 

noisier environments or where the bottom or water mass scatterers 

return weak signals. CW logs, on the other hand, are used where 

greater accuracy is required. 

Doppler logs in general are accurate to about 1% of the 

vessel's speed of 0.1 knot (0.05 m/s) whichever is larger [Eaton, 1974]. 

2.2 	Ships' Gyrocompass  

A gyrocompass is a gyroscope with its spin axis constrained to 
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be perpendicular to the earth's gravity field [Savet, 1961]. In some 

gyrocompasses the constraint takes the form of a mass suspended below 

the gyro wheel with the result that such gyros are often called pendu-

lous gyrocompasses. To understand how a gyrocompass works consider 

such a gyro on the equator with its spin axis pointing west as in 

Figure 2.1a. As the earth rotates the gyro continues to point at a 

fixed point in space. With respect to the gyro the gravity potential 

surface of the earth tilts (Fig. 2.1b) and the pendulous mass induces 

a torque that tries to bring the spin axis parallel to the earth's 

gravity potential surface again. The response of the gyro is to pre-

cess at right angles to this righting force (i.e. toward the north) 

(Fig. 2.1c). The gyro continues to precess until its spin axis is at 

right angles to the direction of tilt (i.e. parallel to the earth's 

rotation axis). If no damping is applied the gyro overshoots and con-

tinues to precess until it is pointing east. In practice a damping 

force is used to prevent the gyro from continuously oscillating about 

the direction of north. 

If the gyro is moved away from the equator the mass suspended 

below the gyro will tend to keep the gyro spin axis parallel to the 

gravity potential surface of the earth (Fig. 2.2). However, the gyro 

spin axis is now no longer parallel to the earth's rotation axis. As 

the earth rotates the gyro precesses and, in the northern hemisphere, 

settles somewhere east of north. In most marine gyrocompasses this 

effect is compensated for by the application of a small torque by 

means of a mass on a beam. The position of the mass is changed with 

latitude. Newer gyrocompasses accomplish this electronically while 
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precession 

Figure 2.1. Pendulous Gyrocompass Precession 

N 

Figure 2.2. Latitude Effect on Pendulous-Gyrocompass 
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some older gyros do not correct for this error at all. In the older 

gyros the correction is obtained from tables of the following function 

a = y tamp , 	 (2.1) 

where 1:0 is the latitude and y is a constant peculiar to the individual 

gyro. Bowditch [1962] found that y equalled about 1.7°  for Sperry 

gyrocompasses. 

Another source of error results from vehicle motion. With the 

relatively slow velocities of ships, except in very high latitudes, it 

is only the north component of a ship's velocity that has any effect on 

the gyrocompass. The effect of the vessel's motion is to make it 

appear to the gyro that the earth is actually rotating about an axis 

slightly different from the true rotational axis. The gyro settles 

with respect to this 'virtual' axis which, in the northern hemisphere, 

for a vehicle moving north, is to the west of north by an angle c 

given by 

V cos°  
e = arctan R

E 
W
E 
cos4 + V cos° ' (2.2) 

where V = ship's speed 

0 = ship's course 

RE  = radius of earth 

WE  = earth's sidereal rotational velocity [Savet, 1961] 

For a ship proceeding north at 15 knots at 60°N latitude the error is 

about -2°. As with the latitude error the vehicle motion error is 

often corrected by the application of a small torque about the tilt 
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axis. Older gyros are not compensated for vehicle motion error. 

Any change in course or speed usually results in some component 

of acceleration along the spin axis of the gyrocompass. The pendulous 

mass is displaced by this accleration thereby creating a torque about 

the gyro tilt axis, causing an aximuth precession. This error is known 

as 'ballistic deflection error' and usually results in a small ampli-

tude dampled oscillation in azimuth of the gyro following a change in 

course or speed. Stuifbergen [1974] reports that at latitude 74°N the 

error can be as large as W. However, at lower latitudes and normal 

ships' speeds this source of error is usually negligible. 

For this study it is assumed that errors in ship's course and 

speed, after the effects of ocean currents and calibration errors have 

been removed, are random and normally distributed and that readings 

obtained at one time instant are not correlated with readings at any 

other instant in time (i.e. white noise assumption). 

2.3 	Loran-C  

Loran-C is a long range, 100 kHz, radio navigation system 

which was conceived during the later part of World War II, was born 

during the late 1950's, and reached maturity in the late 1960's. In 

1970 the U.S. Department of Transportation selected Loran-C to be the 

primary navigation aid for the U.S. Coastal Confluence Zone. Prior to 

this time Loran-C stations throughout the world were operated primarily 

for the U.S. Department of Defence. The increased usage of Loran-C by 

civilians over the last five years has brought to light a number of 

operational problems but at the same time has demonstrated that Loran-C 
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is capable of providing very precise positioning information many 

hundreds of miles from the farthest transmitter. The United States 

Department of Transportation decision will mean that existing Loran-C 

transmitters will be updated and that several new Loran-C transmitters 

will be brought into operation over the next few years. This program 

is already underway [Roland, 1973]. 

2.3.1 Principles of Operation  

Loran-C transmitters are grouped in chains consisting of one 

master and several slave or secondary transmitters. At present there 

are eight chains in operation throughout the world. Starting with the 

master, each station in a Loran-C chain transmits a series of eight 

pulses. Figure 2.3 shows the timing of transmissions from a typical 

Loran-C chain of three stations. The master station transmits a ninth 

pulse for identification purposes following the group of eight pulses. 

A typical Loran-C pulse is shown in Figure 2.11. The transmission 

sequence is repeated at a regular interval called the Group Repetition 

Period (GRP) which is generally between 0.05 s and 0.1 s. By using a 

different GRP for each chain all Loran-C stations are able to transmit 

at the same frequency of 100 kHz with a minimum of mutual interference. 

In fact, many stations transmit on two different GRP's at the same time. 

Prior to about 1969 the slave transmissions were controlled by 

having them transmit a fixed time interval (coding delay) after recep-

tion of the master signal. The result was that when the master signal 

was noisy or could not be received at the slave station the slave did 

not know when to transmit. The chain was therefore not usable. This 

problem was overcome by placing atomic frequency standards at the 
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master and each of the slave stations. By counting the cycles of the 

highly stable frequency generated by the atomic standards the slaves 

were able to predict the time of arrival of the master signal and con-

sequently could continue to transmit even if the master station was 

off the air. Since the slave transmitters are no longer 'slaved' to 

the master signals there has been a tendency over the past few years 

to refer to them as 'secondary stations' instead of 'slave stations'. 

2.3.2 Hyperbolic Fixing and Passive and Active Ranging  

Loran-C is primarily a hyperbolic navigation aid. That is, a 

fix (i.e. a set of ship's coordinates) is obtained by measuring the dif-

ference of arrival times between the signals from two pairs of fixed 

shore stations. Each time difference describes a hyperbolic position 

line on the surface of the earth with the two transmitters at the foci 

(see Figure 2.5). The receiver's position is determined by the 

intersection of the two hyperbolae. 

The frequency and timing of Loran-C transmissions are precisely 

controlled by cesium-beam frequency standards (atomic clocks). A 

receiver that is equipped with a similar atomic clock that is synchron-

ized to the Loran-C transmissions can predict the times of transmission 

of the shore stations and measure the travel times of the signals to 

the receiver. By means of a suitable propagation model the ranges to 

the transmitters over the surface of the earth are derived from the 

travel times and the receiver's position is found from the intersection 

of the two range circles. This passive ranging technique is generally 

known as 'rho-rho' or 'p-p' positioning to distinguish it from the case 

where the ship transmits (i.e. active ranging) and receives retransmitted 
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signals from shore stations (e.g. Decca Lambda) which is known 

as 'range-range' positioning (see Fig. 2.6). The expression 'rho-

rho' is used even when more than two ranges are being measured. 

Grant [1973] found that the 2a ranging accuracy of rho-rho 

Loran-C was 180 m when combined with Doppler satellite navigation and 

that the system could be used routinely at ranges of 2500 km from the 

farthest transmitter. Figure 2.7 shows the rho-rho Loran-C coverage 

of the North Atlantic Ocean. 

2.4 	Navy Navigation Satellite System  

The Navy Navigation Satellite System, Transit Satellite System, 

or simply Transit, is described in numerous references [Sluiter, 1969; 

Stansell, 1968; Wells, 1974; and Black et al., 1975]. The Transit 

System has been in operation since 1964. It now consists of six oper-

ational satellites in near-polar orbits at altitudes of about 1100 km. 

The orbits are nearly circular and the satellites travel at velocities 

of about 440 km/min. At 45°N latitude there is a pass about every 

45 minutes. Normally, about two-thirds of all passes are usable. The 

satellites can be above the horizon for a maximum of about 18 minutes. 

Each satellite transmits on the two harmonically related car-

rier frequencies of 150 MHz and 400 MHz. Two frequencies are needed to 

correct for the change in propagation path length from the satellite 

to the receiver due to ionospheric refraction which is frequency-

dependent. Each satellite also transmits information about its posi-

tion at two-minute intervals. The position data is updated about 

every 12 hours. 
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Figure 2.6. Ranging Lines of Position 
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The motion of the satellite relative to the receiver causes the 

frequency of the satellite signal to be shifted due to the Doppler 

effect. The received frequency fr  is related to the transmitted 

frequency ft  by 

f 	f 	1. dsi 
r 	t 1  c dt (2 .3) 

[Wells, 1974; Gill, 1965] where c is the velocity of light and ds/dt is 

the radial component of the satellite velocity relative to the receiver. 

Each satellite transmits a series of timing marks which are used by the 

receiver to start and stop the integration of the beat frequency obtained 

from fg  - fr where fg  is generated in the receiver. The number of 

integrated cycle counts N obtained during any integration interval 

At is related to As and Of by 

f 
N = 	As + Af • At 

c (2.4) 

where Of = fg - ft and As = s2 - si. sl and s2 are the slant ranges 

from the receiver to the satellite at the start and end of the 

integration interval. 

To obtain a fix from a set of satellite Doppler measurements 

at sea it is generally assumed that the height of the antenna above a 

given reference ellipsoid is known and is equal to the geoidal height. 

Only the two remaining position components latitude (I) and longitude A 

are solved for along with the frequency offset Af between the satel-

lite and receiver oscillators. 
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When the receiver is in motion the change in receiver coordin-

ates during the Doppler count interval affects the observed Doppler 

count N. The usual solution to this problem is to use the estimated 

ship's course and speed to correct the observed Doppler counts. 

Clearly, an error in the estimated course or speed will result in an 

error in the observed Doppler count which in turn causes an error in 

the computed receiver coordinates. For ships at sea this problem 

probably represents the most serious source of error in satellite 

navigation. Figure 2.8 [Sluiter, 1969] shows the error that can be 

expected from a one-knot error in the north component of ship's 

velocity for various elevations. 

There are several other sources of error that affect the Dop-

pler count N. Errors are always present in radio positioning systems 

due to atmospheric noise and the imperfect measurement process of the 

receiver. The models for correcting for ionospheric and tropospheric 

refractions are subject to error, especially at low satellite eleva-

tions. The mast of the ship, on which the satellite navigation an-

tenna is mounted, can swing through an arc of 20 to 30 m when the ship 

rolls. Taken all together, Sluiter [1969] estimates that for a moving 

vessel the standard deviation of the Doppler measurement is between 25 

and 30 counts. 

In terms of geographic accuracy high elevation passes will 

generally give a more accurate latitude than low elevation passes. 

Low elevation passes are generally poor in both latitude and longitude 

due to refraction effects. But in general Transit is weaker in longi-

tude than latitude as is evident in Figure 2.8. Since all satellites 
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pass over the poles the higher the latitude of the receiver the higher 

will be the average maximum elevation of all the passes. The net 

result is a weaker longitude determination in high latitudes. Eaton 

et al. [1976] estimate that Transit accuracy varies between 60 and 

600 m and that, unlike Loran-C, there is no deterioration in accuracy 

with time. An analysis of Transit accuracy under various conditions 

is described in Appendix I. A FOCAL [D.E.C., 1972] program was written 

to study the influence on the Transit fix of the maximum pass eleva-

tion, asymmetry of the Doppler counts about pass centre, and course 

and speed errors. The results there tend to confirm those of Sluiter 

(see Fig. 2.8) and Eaton (Table 4.1). 



CHAPTER 3 

OPTIMAL ESTIMATION IN DISCRETE NONLINEAR DYNAMIC SYSTEMS  

The problem of estimating a set of parameters or the state of 

a dynamic system from noisy observations originates from the work of 

Gauss in the early 1800's. Considerable progress has been made since 

then. One of the most notable contributions was made by R.E. Kalman 

in 1960 [Kalman, 1960]. His technique, known as Kalman filtering, has 

received considerable attention since it was first proposed, particu-

larly by the aerospace industry. Its applicability to the marine navi-

gation problem was first recognized in the late 1960's. 

This chapter opens with a derivation of the nonlinear discrete 

Kalman filter. The relationship between the Kalman filter and the 

sequential adjustment equations is pointed out in Section 3.2. The 

Bayes filter [Morrison, 1969] is derived in Section 3.3. and the rela-

tionship between the Bayes filter and the phased adjustment equations 

is described. The variance factor is described in Section 3.4 while 

in Section 3.5 a simplified Kalman filter is analyzed to gain some 

insight into its operation. 

3.1 	Kalman Filter  

In Kalman filtering theory there are two models. There is 

the observation model relating the observed quantities to the unknown 

parameters and, because the system is changing with time, there is a 

model of the system dynamics. Either or both of these models can be 

linear or nonlinear. When they are both linear and continuous they 

22 
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yield the Kalman filter as it was originally conceived [Kalman, 1960]. 

Kalman and Bucy [1961] dealt with the linear discrete case. If one 

set is nonlinear the result is known as the extended Kalman filter. 

Most practical problems are nonlinear; therefore, in this development, 

it will be assumed that both sets of model equations are nonlinear. 

Let the system dynamics be described by the vector equation 

Xk = fk(xk_l) wk 
	 (3.1) 

where the time-dependent vector function fk(Xk_i) models the system 

state at time tk  from the state Xk-1  at time tk-l. The observation 

model is described by another vector equation 

zk  = hk(Xk) + vk 	 (3.2) 

where hk(Xk) is a time-dependent vector function which relates the 

observed quantities zk  to the elements of the state vector Xk. Grant 

and Chamberlain [1974] and Krakiwsky [1975] treat the more general case 

where the observation vector z
k and the state vector Xk  are implicitly 

related. 

wk and vk are vectors whose elements are assumed to come from 

zero mean white noise sequences. wk  reflects the fact that the dynamics 

model can only describe the system's motion in the mean sense. v
k 

results from observation noise. It is also assumed that there is no 

correlation between any two of w., v., and X0 for all i and j. X0 

and its covariance matrix Po are assumed to be known and the elements 



of X0 are assumed to come from normally distributed parent popula-

tions. wk and vk do not appear in the Kalman filter equations - only 

their covariance matrices Qk  and Rk. 

Essentially the Kalman filter works as follows: from esti-

mates of the state vector X
k-1 

 and its covariance matrix P
k-1 

at time 

tk-1 predicted estimates of the state vector Xk/k..1  and the state 

covariance matrix Pk/k-1 are computed for time tk 
using the dynamics 

model (3.1). The subscript notation is interpreted as follows: X. x/k-1 

is the estimated state vector (unknown vector) at time t
k based on 

observation data up to and including time tk-1' --k/k-1 is therefore a 

predicted estimate. A single subscript is used when both subscripts 

are the same (e.g. X
k-1 Xk-1/k-1)  

. Updated estimates of the state 
=  

vector Xk  and the state covariance matrix Pk  are then computed taking 

into account both the new observations z
k 
and their covariance matrix 

Rk, and the predicted estimates of the state vector and its covariance 

matrix. In the remainder of this section the linearized forms of 3.1 

and 3.2 are derived by Taylor's series expansions. By applying the 

covariance law to the linearized form of 3.1 an equation for the 

predicted state covariance matrix 
Pk/k-1 

is found. Then a set of 

equations is derived for computing the updated estimates of the state 

vector and the covariance matrix. 

At time t
k-1 

assume we have estimates of the state vector 

Xk-1 and the state covariance matrix P
k-1 

as a result of k-1 previous 

iterations of the Kalman filter. During the initial iterations of the 

filter the influence of Po, which was determined by an independent 
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method, will be greater. Later, however, after many iterations the 

state covariance matrix will be independent of Po. The linearized 

form of the system dynamics model is obtained by expanding 3.1 in a 

matrix Taylor's series. The approximation to the true state vector 

Xk_i  used in the expansion is the estimated state vector Xk-1. 

Retaining only linear terms 

, 	Fk (-k  • X_ 
Xk/k -1 = f k (XK-1) + F 
	-1 - Xk-1).k 

[xk/k-1 fk(Xk-1)]  = Fk • (Xk_i  Xic-1) + wk  

(3)(k/k-1 Fk • 	
+ wk  

(3.3) 

(3.b) 

where Fk is the matrix obtained by taking partial derivatives of the 

elements of fk 
with respect to the state vector elements evaluated at 

Xk...1. The predicted covariance matrix Pk/k-1 
of the state vector is 

found from the previous estimate Pk-1 
by applying the covariance law 

to 3.4. 

kk-1 0 I 0 	Qlt4  0 I 

T 
= FkPk_,Fi  + Qk  (3.5) 

where Qk  is the covariance matrix corresponding to wk. 

The linearized form of the observation model is obtained by 

[Fk 	Pk-1 
 0 	

T 
Fk 

 

expanding 3.2 in a matrix Taylor's series about the predicted estimate 
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A 	A 
of the state vector Xkik_i. Xkik_i  is obtained from 3.1 

xk/k -1 = fk( xk -1)  

where the best estimate of the noise vector, its mean, which was 

assumed to equal zero, is used. Retaining only linear terms the 

linearized observation model becomes 

A 	 A 
z
k 
= hk(xk/k-1)  + 	• (xk 

xk/k -1) + vk 

Ezk  - hk(ik/k -1)] = Hk  • (ik  - kik  _1) + vk  

Szk = Hk  • SX
k  + vk 

(3.6 ) 

(3.7) 

(3.8) 

where Hk  is the matrix obtained by taking partial derivatives of the 

elements of hk  with respect to the state vector elements evaluated at 

X1c/k-1. According to the method of Lagrange the weighted least squares 

estimate of Xk  is obtained by minimizing the function 

" T -1" 	A )T, 	-1
tk  
; ,r  

vk K vk 	-Xk (Xk /k -1' Pk/k-1 	-"kik -1' (3.9) 

subject to the constraint 

A 	 A 	 A 	 A 

= , (, 
K 	

) + Hk • (Xit  - 	
) + vk k K /k-1 	 K/k-1 

(3.10) 
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The variation function is 

 
= TR 

 1^  
v 	vk  + (X.-. 	

)TP 
kic 	kk/k -1 k/k -1

-1 (x
k xk/k ) 

+ 2iTr. 	

A A 

zkk( k/k-1) Hk (Xk-Xk/k -1)  - vk] 

where K is the vector of Lagrange multipliers. The derivatives of 

(15 with respect to vk  and Xk  are set equal to zero to determine the 

extremum, in this case the minimum. 

1,+= = kTR. - 2KT  = 0 avk 

1" Rk vk - K = 0 

(3.11) 

(3.12 ) 

axk  
A A 

= 2(Xk—x. 
it/k-1

)TP
k/k-1 1 
	AT - 2K Hk  = 0 

1 " " 	 TA  (X. xX./k -1 ) - Hk K = 0 Pk/k-1 x  (3.13 ) 

Equations 3.10, 3.12 and 3.13 are the normal equations which, in 

hypermatrix form, are 

   

[00.  

zk—hk(xklk-1) 

 

1.k 1  

0 Pk/k-1 -"k 

0 

-1 u  T 

-I -Hk 	0 

 

v

k 

(Xk Xk 	) /k-1 

K 

= 0 	(3.14) 
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These equations, when solved for Xk, yield 

- Xk = Xk/k-1 Gk[zk hk(xk/k-1)]  

where 

H T , 	 u  T)-1 Gk  = Pk/k-1 . k 	k + H k Pk/k-1  "k 

(3.15) 

(3.16) 

is called the Kalman gain matrix. An expression for the estimated state 

covariance matrix Pk is obtained by replacing hk(Xk/k  _1) by its linear 

approximation hk(0) + Hk  • Xk/k_, and rewriting Equation 3.15 as 

Xk  = (I - Gk  IIk) X_ kik-1 Gk zk Gk • hk(0) 
	

(3.17) 

where the term Gk • hk(0) is a constant. The covariance law is applied 

to 3.17 to obtain 

Pk = (I - G 	)P 	 R.G T  k/k-1 (I  - GkHk)
T + G k k 

 
= Pk/k-1 GkHkPkik_, + (GkRk  + GkHkPk/k_i  Tiik  

T T H, )G Pk/k -1 	k 

(3.18) 

(3.19) 

But from 3.16 

T) = P  Gk  (R'. + H P k k/k -1k 	k/k-1Hk 

or 

GkRk + GkHkPk/k -1Hk
T - Pk/k-1Hk

T = 0 
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Since this is the expression in the brackets of 3.19 the equation for 

the estimated state covariance becomes simply 

	

Pk = Pk/k-1 - GkHkPkik_i 
	 (3.20) 

Equations 3.6, 3.5, 3.16, 3.15, and 3.20, evaluated in that order, 

constitute the discrete extended Kalman filter. They are repeated 

here for easy reference. 

--k/k-1 = fk(Xk -1) 
	

(3.21a) 

Pk/k-1 = FkPk-1
F
k
T + Qk 	 (3.21b) 

G
k  = Pk/k-1 

H T 	 T -1  . + H k K 	kP  k/k-1"k I  
u  T)-1 	

(3.21c) 

Xk = X

• 

k/k-1 + G

• 

k[zk hk(Xk/k-1)1 
	

(3.21d) 

Pk = P

• 

k/k-1 - G

• 

kHkPk/k -1 = (I -G kH k) P k/k -1 
• 
	

(3.21e) 

When either the dynamic model or the observation model is linear, 

Xk-1 and Xk  become linear functions of Xk and zk  respectively and 

Equations 3.21a and 3.21d can be written in the simpler linear form 

/k -1 = Fk ' xk 
	 (3.22a) 
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and 
	

Xk  = Xk /k_1 
 + Gk(zk  - Hk • 

Xk/k-1) 
	

(3.22b) 

3.2 	Kalman Filter and Sequential Adjustment Equations  

When there is no time variability the Kalman filter equations 

reduce to the sequential least squares adjustment equations. If the 

state vector Xk  is not changing with time Equations 3.21a and b become 

identities and the double subscripts are no longer needed. Substituting 

Gk into 3.21d and 3.21e the result is 

, u  
Xk  = Xk-1 

 + Pk_lnk
T 
 (Rk  + HkPk_1.,,k

T) -1[zk - hk(Xk_1)]  

Pk = Pk-1 - Pk-1"u kT (Rk Rkipk-llikT)-11A-1 

(3.23a) 

(3.23b) 

which, allowing for differences in notation, are identical to Equa-

tions 10.9 and 10.11 of Wells and Krakiwsky [1971]. This result is 

also derived in Section 10.2 of Wells and Krakiwsky [1971]. 

3.3 	Bayes Filter and Phased Adjustment Equations  

Given the nonsingular matrices R(nxn) and P(mxm) and the rec-

tangular matrix H(nxm), Morrison [1969] and Wells [1974] prove the 

following matrix identities 

(P-1 + HTR-1H) -1 = P - PH
T(R + HPHT) -1HP 
	

(3.24) 

( -1
+ 
 HT -1

H)  
,-1

H  TR  -1 = PH
T
(R + HPH

T
)-1 R  (3.25 
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Krakiwsky [1975] uses these identities to prove that the phased adjust-

ment equations are equivalent to the sequential adjustment equations. 

Morrison [1969] uses them to prove that the Kalman filter is alge-

braically equivalent to the Bayes filter. The Bayes filter can be 

derived from the Kalman filter equations as follows. 

Substitute 3.21c into 3.21e to get 

T(R 	T-1 Pk Pk Pk/k-1 Pk/k-1 	ic. 	k k k 	P k/k-1 (3.26) 

A comparison of this result with 3.24 reveals that the equations for 

Pk can be written 

-1 	T -1 .-1 Pk = (Pk/k-1 + Hk  R Hk) 

Comparing Equations 3.25 and 3.21c it is clear that the Kalman gain 

matrix can be found by 

1 	T -1 -1 T -1 Gk = (Pk/k-1 
+H 	H) H. R kick 	it k 

(3.27) 

(3.28) 

But the expression in brackets is Pk. Therefore 

T -1 
Gk  = PkHk  Rk  (3.29) 
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1 
The Bayes filter equations thus are: 

, Xk/k-1 = f k(X k-1)  

Pk/k-1 = Fk/k-1 Pk-1 Fk/k-1 
T 
 Qk 

-1 	T -1,-1 Pk = (Pk/k-1 + Hk k  Hk  ) 

T -1 Gk  = PkHk  Rk  

A 	 A 

xk = xk/k-1 Gk[zk 
 hk(ikik-1)] 

(3.30a) 

(3.30b) 

(3.30c) 

(3.30d) 

(3.30e) 

Dropping the time variability, Equations 3.30 a and b become 

identities and the double subscripts become single subscripts. Invert-

ing both sides of 3.30c and substituting Gk  into 3.30e the result is 

Pk 
-1 = P

k-1 
-1 + HkTR 

k "k 

T  Xk  = 	+ PkHk  Rk 1  [zk  - hk(Xk..1)] 

(3.31a) 

(3.31b) 

Except for the differences in notation these equations are the same as 

the phased adjustment equations 4.35 and 4.36 of Krakiwsky [1975]. 

From a comparison of Equations 3.21 and 3.30 it appears, for the para-

metric observation equation being dealt with here, that the Bayes filter 

is more advantageous for problems in which the dimension of the observa-

tion vector is larger than the dimension of the state vector since a 

square matrix the size of the state vector must be inverted. The Kalman 
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filter, on the other hand, is better for problems involving observation 

vectors whose dimension is smaller than the state vector since a square 

matrix the size of the observation vector has to be inverted. 

3.4 	Variance Factor  

The state covariance matrix is independent of the observations. 

Its usefulness as an indicator of the accuracy of the estimated state 

vector elements is dependent entirely on the previous state covariance 

matrix Pk-1, the observation covariance matrix Rk, and the state transi-

tion covariance matrix, Qk. However, if it is assumed that the state 

covariance matrix is accurate to within a scale factor the residuals 

can be used to estimte that scale factor. In adjustment calculus the 

scale factor is known as the variance factor and is denoted by (Ie. An 

estimate of the variance factor is obtained from the following equation: 

T 1" 
2 vTv  

(10 - df (3.32) 

where the estimated residual vector v is obtained from 

v = zk  - hk(Xk) 	 (3.33) 

T = Rk  + 
	

(3.34) 

and df = degrees of freedom. The degrees of freedom in this case are 

equal to the number of observations. Generally, the degrees of freedom 

are equal to the number of unknowns (n) minus the number of observations 

(m) but in this case the predicted state vector elements are pseudo- 
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observations so that, in effect, there are n+m observations. Computing 

the degrees of freedom as the number of observations minus the number 

of unknowns results in: (m+n) - n = m degrees of freedom. 

An estimated state covariance matrix is therefore obtained from 

Pk' 0'02  P 
	

( 3.35 ) 

3.5 	A Simple View of the Kalman Filter  

In this section a very simple Kalman filter is described. The 

object of this section is to illustrate some of the features of the 

Kalman filter, using simple one-dimensional models, that are not at all 

evident in more complex models. The problem we will consider has a one - 

dimensiostate vector and a one-dimensional observation vector and the 

observation model and the system dynamics model are both identities. 

An identity observation model means that the observation is itself an 

estimate of the element in the state vector. An identity dynamics 

model implies that there is no variation in the state vector element 

with time apart from fluctuations that result from noise or errors in 

the dynamics model. 

In terms of the Kalman filter Equations 3.21 the above simpli-

fications reduce the three covariance matrices P, Q, and R to simple 

variances and F = 1 and H = 1. Rewriting Equations 3.21 we obtain 

--k/k-1 = Xk-1 	 (3.36a) 

Phik-1 = Pk-1 Qk 	 (3.36b)  

Gk  = Pk/k-1/(Rk 
 + P

k/k-1) 
	

(3.36c) 
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xk = xk /k -1 + Gk(zk Xklk-1) 
	

(3.36d) 

P
k = (1 - Gk) Pk/k-1 
	 (3.36e) 

An inspection of these equations reveals that they describe a sequential 

technique for computing a weighted average of a sequence of numbers and 

its variance with the additional feature that old data is given less 

weight. 

3.5.1 State Transition Variance - Q  

The primary function of the state transition variance is an 

indicator of the accuracy of the state transition model. A larger 

state transition variance indicates that the predicted estimate of the 

state is less reliable than normal and the predicted state variance is 

therefore increased by a larger amount. Another interpretation of this 

characteristic of the state transition variance is in terms of the 

response of the Kalman filter. A large value of Q causes the filter to 

respond more quickly to new data since, as Q becomes larger, P
k/k-1 

increases with the result that the gain Gk  tends toward 1. In Equa-

tion 3.36d as G
k tends to 1, less notice is taken of old data and new 

data predominate. 

In some situations Qk  and Rk  do not change to any great extent 

with k. Under these conditions, after many cycles of the Kalman filter, 

the state variance P
k settles and fluctuates about an equilibrium 

(dynamic equilibrium) value that is independent of its starting value. 

The value at which Pk  settles is determined solely by the values of Qk 
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and Rk. In the dynamic equilibrium condition the level of Pk  tends to 

be increased by increasing Qk  and decreased by decreasing Rk. Qk  

increases the state variance by simple addition. A small Rk  decreases 

the state variance by tending to increase the gain Gk  so that the term 

(1 - Gk) in 3.36e becomes smaller. 

3.5.2 The State Variance P and Observation Variance R  

The filtering function of these equations can be observed by 

considering what happens when good or bad observations are made and 

the quality of the observation is known and reflected by the observation 

variance R. Let us consider the case of a very good observation. The 

good observation will have a small observation variance Rk  with the 

result that in Equation 3.36c the gain Gk  will tend to 1. In 3.36d a 

gain near 1 means that 
Xx/k-1  tends to cancel leaving only the new 

observation. Therefore when the data are good less notice is taken of 

the old estimates and more weight is placed on the new data. Further-

more, the state variance Pk  is reduced in 3.36e to reflect the higher 

quality of the new estimates. By a similar argument it can be seen 

that less notice is taken of observation data that are known to be of 

poor quality. 

3.5.3 The Relationship Between the Kalman Filter and the Low Pass  
Digital Filter  

The simple linear digital filter can be expressed as 

y(k) = ay(k-1) + (1-lal)u(k) 	 (3.37) 

where a is a constant in the range (-1, +1), y(k) and y(k-1) are 
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estimates of the quantity being sought for times k and k-1 respectively, 

and u(k) is the current observation. For -1 < a < 0, Equation 3.37 is 

a high pass filter while for 0 < a < 1 it is a low pass filter. We are 

interested in the latter case here. Dropping the absolute value sign 

and letting 

a = 1 - y 

Equation 3.37 becomes 

y(k) = (1-y) y(k-1) + yu(k) 

= y(k-1) + y[u(k) - y(k-1)] 	 (3.38) 

which is identical in form to Equation 3.36d. It apparently can be 

concluded from this that the low pass filter is simply an elementary 

Kalman filter. 



CHAPTER 4 

INTEGRATION OF RHO-RHO LORAN-C AND TRANSIT  

In this chapter an integrated navigation system that combines 

information from rho-rho Loran-C and Transit is described. The equip-

ment used was an Austron Model 5000 rho-rho Loran-C system (Fig. 4.1) 

and a Canadian Marconi CMA-722 Satellite Navigation system (Fig. 4.2). 

The configuration as it existed prior to the commencement of this project 

is described in Sections 4.1 through 4.3. In Section 4.1 the character-

istics of the two systems that make them compatible for combined opera-

tion are described. Section 4.2 gives the details of the corrections 

that are applied to the observed Loran-C ranges. Section 4.3 describes 

the least squares mathematical model used to compute the latitude and 

longitude from the Loran-C ranges. Improvements that have been 

prompted by this study are then described in detail. 

In the next chapter the accuracies of ship's velocities obtained 

from Loran-C and ship's log and gyro are analyzed. A Kalman filter 

that integrates Loran-C, ship's log and ship's gyro is proposed. 

4.1 	Historical Perspective  

In 1972 the Bedford Institute of Oceanography (BIO) purchased 

an Austron Loran -C system. It consisted of a Loran -C receiver, an 

atomic frequency standard, and a minicomputer to tie the two together. 

The computer was also supplied with a limited amount of computer memory 

for user programs. Machine language programs were written to compute 

latitude, longitude, course and speed from the Loran -C ranges. 
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Figure 4.1. Austron 5000 Rho-rho Loran-C S✓stem [Grant, 1973] 



Figure 4.2. Canadian Marconi CMA-722 Satellite Navigation System 



Techniques for operating the system alone and, later, with Transit were 

developed. The status of the system at the commencement of this study 

is described by Grant [1973]. The essential features are repeated here. 

4.1.1 System Characteristics  

Rho-rho Loran-C provides virtually continuous measurements of 

ranges to fixed shore transmitters. The measurements are very stable 

over periods of several minutes. Ship's velocity obtainted from Loran-C 

averaged over five minutes or more is therefore quite accurate. Veloc-

ity derived from Loran-C has the advantage over log and gyro that the 

velocity is relative to the ocean bottom, not the water mass, and so 

eliminates the effect of currents. But Loran-C ranges sometimes have 

biases due to propagation anomalies (e.g. land-path effects) and poor 

time synchronization. They can also accumulate errors over the long 

term (e.g. days or weeks) due to the frequency offset between the 

transmitter and receiver atomic frequency standards. Error growth 

rates of 15 metres per day are not uncommon. 

Transit, on the other hand, provides fixes every 1 to 2 hours 

that are accurate to 60 to 600 metres and are free of systematic errors 

[Eaton et al., 1976]. The fix accuracy depends partly on the quality 

of the vessel's course and speed information used by the Transit but 

does not deteriorate with time as is the case with rho-rho Loran-C. 

Rho-rho Loran-C and Transit appear to complement each other very 

well. The Loran-C supplies continuous, high resolution positioning and 

velocity information. The Transit provides periodic checks to control 

the long period component of Loran-C errors. 
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4.2 	Rho-rho Loran-C Corrections  

There are two main corrections to Loran-C range measurements: 

receiver synchronization corrections and radio wave propagation correc-

tions. The receiver synchronization corrections can be separated into 

timing and frequency synchronization corrections. Receiver 

synchronization techniques are discussed in the next section. 

The propagation of low frequency (LF) radio waves has been 

studied extensively [e.g. Millington, 1949; Brunays and Wells, 1971; 

Johler, 1962; Potts and Weider, 1972; Doherty, 1974]. However, errors 

in propagation prediction are still probably the largest source of 

error in rho-rho Loran-C range measurements. Corrections to Loran-C 

ranges due to propagation effects is the subject of Section 4.2.2. 

Unpredictable errors due to timing problems at the Loran-C 

transmitter and propagation disturbances in the coverage area are rare 

but do occasionally occur. Such errors are usually detected by a sudden 

otherwise unexplained shift in the ship's position, by an increase in 

the residuals when more than one range is being measured (see Section 

4.3) or from the comparisons with Transit. Weekly notices listing all 

such timing and propagation disturbances are available from the United 

States Naval Oceanographic Office, Washington. 

4.2.1 System Synchronization  

One of the first steps in rho-rho Loran-C operation is the 

selection of the appropriate Group Repetition Period (GRP). Following 

the entry of the GRP into the Loran-C system computer the system gener-

ates timing marks at intervals of the GRP. A signal acquisition 
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procedure is then carried out during which the receiver tracking circuits 

are aligned with the incoming pulses. Thereafter, under computer con-

trol, the receiver automatically tracks the same point of the received 

pulses. The pulses are transmitted every GRP and therefore, for a sta-

tionary receiver, always arrive at a constant time interval after the 

generation of the internal timing mark (see Fig. 1 .3). Ideally, the 

internally generated time mark should coincide with the time of trans-

mission of the Loran-C signal, in which case the time interval from the 

internal time mark to reception of the singal is simply the signal propa-

gation time. Except by accident, this is never the case. In order to 

relate the time interval measured by the receiver to the signal travel 

time the interval between the time of transmission and the time of gen-

eration of the internal timing mark must be known. The determination of 

this interval is known as time synchronization. 

Time Synchronization. The technique of Loran-C time synchroni-

zation is simple. The time interval between the internally generated 

time mark and the time of reception of the Loran-C signal is measured 

by the receiver. Simultaneously, the receiver position is determined 

by some independent method and the travel time of the Loran-C signal 

from the transmitter to the receiver position is computed. The differ-

ence between the computed and observed travel times is applied as a time 

synchronization correction to all further measurements. The accuracy of 

the synchronization correction essentially depends on (a) the accuracy 

of the independently determined receiver position, and (b) the accuracy 

of the propagation prediction model. Loran-C propagation prediction 

problems are discussed in the next section. If the ship is stationary 



44 

sq.TmsusaI a q. 

G Sind 

SU PITI rail.' q-UI 

dTITS 4s 
paATapaa aAsTs 

On
e  

Gr
ou

p  
R
e
p
et
i
ti
o
n
  
P
e
ri
od
  ao 
0 

a) 

U 
a) 

$-1 

0 
F-1 

0 

cy;  

a) 

s4Tmstreaa, @API'S 

W W 
• 0 W 
W 
H rd 0 
M0 A 

A  
• 0 

.1-I 0 
H H 
a) El 
m  
od 1-1  gl2l W 

	

F-1 a
te)  (1.) 	lk  

	

0 W 	+3 	0 

	

W W NH 	1-1 
 

H 	H 
H 	W H 	d r0 

	

---___ELA,  	$1 rd k 

	

co
--cio--ea 	 

0 P +-I 

sq_pususaii, as q.SWI 

H co 0 

	

0 0 0 	W 0 
.r1 0 Pa  0 	4:4 

	

El on W 	9-1 

a Silicl 	
E4  1 JrOuTmTI Tsuaa4t1I 

a 

a 
a 

GAUT S 
paAT00011 asq.ssw 

dTLIS 
paApOSII .10 q.s.eN, 

O
n
e
  
Gr
ou
p  
R
e
p
et
i
ti
o
n
  P
er
i
od
 



45 

alongside a jetty the receiver position can be determined very precisely 

by conventional surveying techniques. If the ship is at sea a reference 

system such as Transit must be used. However, several Loran-C/Transit 

comparisons are needed because of the limited accuracy of a single 

Transit fix before the Loran-C system is properly synchronized. For 

example, assuming a satellite pass every 2 hours with a standard devia-

tion of 200 m about 4 days are required to synchronize the Loran-C system 

to 0.1 us. Since radio waves travel at about 300 m/ps this represents 

a ranging error of about 30 m. 

Frequency Synchronization. Atomic frequency standards are used 

to measure time intervals (i.e. they are atomic clocks) by having them 

count cycles of the highly stable frequency. The difference between 

time intervals measured by two different standards is only a few parts 

in 1012. This frequency difference results in a cumulative timing error 

(time drift). In terms of Loran-C operation where such 'clocks' are 

used, both to control the times of Loran-C transmission and to measure 

the times of signal reception, a frequency difference of (say) 5 parts in 

1012  results in an error after one day of 0.43 ps. This timing error is 

equivalent to a range error of about 130 m after the first day, 260 m 

after the second day, and so on. 

Grant [1973] found that by logging Loran-C range readings over 

a period of a few days with the receiver stationary and plotting them 

against time, a clock drift rate could be determined that was valid as 

a correction to future observations to within about 0.05 us/day (15 m/day). 

This represents a time drift error (or equivalently a frequency 

synchronization error) of six parts in 1013. 
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When the ship is at sea, a reference positioning system such 

as Transit must be used. This is done by comparing the observed 

Loran-C range with the computed range from the Transit fix. By plot-

ting these differences against time it is theoretically possible to 

determine the relative clock drift rate to within a few tenths of a 

microsecond per day after several days of comparisons. However, in 

practice, the clock drift is not the only source of error and over 

several days as the ship moves about the coverage area, various of the 

other errors are apt to creep into the Loran-C ranges. A plot of the 

differences between Transit and Loran-C will not reflect the variations 

of the errors due only to clock drift. In practice, the Loran-C range 

differences for each range are plotted against time on a control graph 

such as Figure 4.4 and periodic adjustments to both the synchronization 

and clock drift corrections are entered into the Loran-C computer by 

the operator to keep the differences between Transit and Loran-C as 

small as possible. 

4.2.2 Loran-C Propagation Corrections  

In vacuum radio waves travel at the velocity of light: 

299.7925 m/ps. Radio waves that propagate through the earth's atmos-

phere and over the conducting surface of the earth (i.e. ground waves) 

travel at slower velocities. The velocities of terrestrial radio 

waves vary with frequency, distance, atmospheric and geological condi-

tions along the path and many other factors. Actual radio waves 

therefore always arrive later than those predicted using the velcoity 

of light and, since most radio positioning systems actually measure the 

phase of the incoming signals, the delaying effect is known as phase lag. 
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The phase lag of the ground wave is usually looked upon as the 

sum of the phase lags of the primary field (due to the retardation 

effects of the atmosphere) and the secondary factor (due to the pres-

ence of the conducting surface of the earth and the vertical lapse of 

atmospheric refractivity). In linear units the phase lag caused by 

the atmosphere is 

PT° = N • 10-6  • d 

where PT' is the theoretical phase lag and d is the distance to the 

transmitter and they both are in units of metres. The refractivity N 

depends on atmospheric pressure, temperature and humidity. For the 

average atmosphere the value of N = 338 is often assumed [Brunays and 

Wells, 1971]. The secondary factor (F) is a complex function of the 

characteristics of the radiation source, the conductivity, permittivity 

and roughness of the earth's surface and the vertical lapse of permit-

tivity of the atmosphere. The total theoretical phase lag PT  is found 

from 

PT = PT' 
 +F 

The conductivity of the sea surface is nearly homogeneous and 

constant, while for land areas it changes with both time and place. 

F can therefore be predicted much more accurately over sea water than 

over land. For the practical problem of determining corrections to 

Loran-C ranges to a vessel at sea it has been assumed that the radio 

wave propagation paths are all over sea water. In most marine areas 

this is a reasonable assumption since the transmitters are located near 
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the coast. For on-line operation over water phase lag corrections are 

determined by evaluating the following polynomial in distance d 

PT = A/d +B+C•d+D• d2 
	

(4.3) 

where A = 8.853, 

B = -0.13511, 

C = 8.687x10-4, 

D = 1.265x10-8. 

PT and d are in microseconds. The polynomial constants were obtained 

from a least squares fit to tables compiled by Mr. P. Brunays, Canadian 

Hydrographic Service, Ottawa. The algorithm and assumptions are de-

scribed in Brunays and Wells [1971]. They estimate that their propaga-

tion model computes overwater phase lag to an accuracy of 1:30,000 

although it was only tested to 500 km. The polynomial fit was accurate 

to about 0.1 us. Taken together the overwater phase lag computed from 

Equation 4.3 is probably accurate to one part in 30,000 at la. The 

overwater phase lag is plotted against distance in Figure 4.5. 

In some marine areas there are considerable stretches of land 

along the path between the ship and the Loran-C transmitter. The effect 

of the land is to introduce a larger phase lag than would be observed 

by an all overwater path. If the conductivity of the land is known 

the approximate overland phase lag can be computed by Millington's 

method [Millington, 1949] and used to correct the observed ranges. 

This is the technique the BIO has been using. Unfortunately, it is 
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difficult to estimate the correct conductivity of the land masses and 

the conductivity often changes with time due to seasonal effects. 

Calibration checks against Transit in the operational area are there-

fore used to adjust the computed corrections. An analysis [Hagglund, 

1973] of a month's Loran-C and Transit data collected in the Labrador 

Sea in 1972 indicated that the overland phase lag corrections are 

accurate to about 0.25 is (75 m). More recent data analyzed later in 

1975 has confirmed this result. 

11.3 	Mathematical Model for Determining Geographic Coordinates  

The procedure for using rho-rho Loran -C at sea can be 

separated into two operations: 

Correcting the Loran-C ranges for clock drift and phase lag, 

and 

Computing the geographic coordinates and ship's velocity from 

the corrected Loran-C ranges. 

The techniques for determining the corrections have just been 

described. In the next section this procedure is partly automated via 

the Kalman filtering approach. In this section the method for comput-

ing the geographic coordinates from the corrected Loran-C ranges is 

described. 

4.3.1 Least Squares Fix  

The latitude and longitude are computed by the method of least 

squares. The observation model relating the observed ranges zi  and 

the latitude (4)) and longitude (X) is 
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where 

hi(4),A) - zi  = 0 

hi(4),A) = a • (u + du) 

u = arccos(sin4 	cosc co 

ru-3sinu)  (sink  ((u+3sinu),  . du = - f  4 	1 -cosujksin(1) - sin0.)2  + 	 slr14:1 	E31.0. )2 	(4.7) 
1 	k  1+COSU) 	 1 

a is the semi-major axis of the reference ellipsoid, 

f is the flattening, and 

and A. are the latitudes and longitudes of the fixed 

Loran-C transmitters. 

Equation 4.5 is known as the Andoyer-Lambert long-line formula and is 

derived by Thomas [1965]. It is derived from the equation for the 

Great Elliptic Arc (i.e. the space curve defined by the intersection 

of the plane containing the two end points and the centre of the earth 

and the surface of the reference ellipsoid). The equation for the 

Great Elliptic Arc length is of the form 

S = a Cu + du + du2  + ...) 

where du is a function of f, du2  is a function of f2  etc. Truncation 

of the series after du gives the Andoyer-Lambert long line formula 

while truncation after du2  gives the so-called Forsyth-Andoyer-Lambert 

formula. Both these formulae were compared with the rigorous Helmert 

formula by Thomas [1965] and were found to be accurate to 45 m and 

14 m respectively for lines to 6000 km and for all azimuths. The 
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Andoyer-Lambert long line formula was chosen over several other 

formulae (e.g. Puissant, Rudoe, Clarke, Robin, Bessel) because it was 

compact and therefore more suitable for use in a minicomputer and yet 

it retained a reasonable level of accuracy even over the long lines 

(up to 4000 km) encountered with Loran-C. 

Estimates of the ship's coordinates are found using the non-

linear simultaneous least squares adjustment equations described in 

Chapter 7 of Wells and Krakiwsky [1971]. They are the same as the 

phased adjustment Equations 3.31 derived in Chapter 3 under the 

additional assumptions: 

(a) The ship's coordinates are virtually unknown prior to 

commencement of the fix calculation so that Pk-1-1  is a 

null matrix, and 

(b) All ranges are taken together so that the subscripts in 

3.31 are not needed. 

Substituting 3.31a into 3.31b and using the subscript '0' to denote an 

initial estimate we obtain the simultaneous least squares adjustment 

equation 

X = X0 + (HTH-1H)-1HTR-1[z - h(X0)] 
	

(4.8) 

[4] 	[P01 
where X = „ and X0 = 

X 	 X01 

The elements of the design matrix H are obtained by differentiating 

the spherical part of Equation 1 .5 with respect to (I) and X to get: 
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ah. 	 -cos4sincli.-1-siOcos4.cos(X-X.) 

- 
	= -a 	  

34) 	
Hil 	 sin u 

(4.9) 

 

3h. 	 coscP coscpi  sin(X-Xi) 
---- 	= -a 3A = Hit 
	 sin u 

 

( 4.1o) 

   

The problem is iterated until the improvement is less than some limit. 

In practice, the limit is chosen to be one metre. To avoid tying up 

the computer in case of an undefined position the calculation is 

terminated after a maximum of 20 iterations and an error message is 

typed. 

Prior to the commencement of this study the observation co-

variance matrix R was set equal to an identity matrix. If a parti-

cular range could not be used for some reason the corresponding diag-

onal element of R-1  was set equal to zero. Occasionally the diagonal 

elements of R-1  were given values between zero and one if a range 

reading was noisier than the others. 

4.4 	The Combined System  

In the next two sections an improved technique for using rho-

rho Loran -C and Transit together is described. The principles of 

operation remain essentially the same as described in the preceding 

section. The main difference is in the method used for determining 

the corrections to the Loran -C ranges. The graphical procedure 

described in Section 4.2.1 is replaced by an automatic computer-based 

procedure that uses a simple linear Kalman filter. The main problem 

encountered in the development of this technique involved the weighting 

of the Loran -C and Transit observations and the weighting within the 
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Kalman filter. The Kalman filter is described in the next section and 

a discussion of the weighting is left until Section 4.4.2. 

4.4.1 Kalman Range Correction Filter  

In Section 4.2.1 a procedure was described for manually con-

trolling the corrections to Loran-C ranges from Transit comparisons. 

It was assumed that the range errors changed linearly with time due to 

the relative drift between the receiver and transmitter atomic clocks. 

At each Transit fix the difference between computed and observed 

Loran-C ranges were plotted on control graphs. For each range the 

operator would then change the synchronization correction, the rate or 

both to make the applied correction correspond more closely to the 

observed error. 

The Kalman Range Correction Filter is designed to work in much 

the same way as the manual method. The correction to each Loran-C 

range is modelled by the linear equations 

S
k 
= S

k-1 
+ a

k -1 • At + w1,k-1 
	 (4.11) 

ak = ak-1 w2,k -1 
	 (4.12) 

where S
k is the correction at time tk' 

S
k-1 

was the correction at time 

is the rate of change of the correction with time (i.e. clock tk-1' ak-1 

drift rate) as determined at time t
k-1 and At is the time interval 

tk  - tk_1
.wl,k-1 

and 
 w2,k-1 

are random noise terms. Equation 4.12 

tells us that in the model the rate does not change with time. The 
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linearized Kalman state prediction model corresponding to Equations 4.11 

and 4.12 is 

:] k/k-1 

1 	At 

 1 	a k-1 

(4.13) 

(4.14) or 	
Xk/k-1 = F  • Xk-1 

Assuming that the state covariance matrix P
k-1  and the state transition 

covariance matrix Qk  are known the predicted state covariance matrix 

Pk/k-1 can be obtained using Equation 3.21b. 

The observation model is an identity. A direct estimate of 

the correction sk is found at each Transit fix from the differences 

between the observed Loran-C ranges and the theoretical ranges com-

puted from the Transit fix. This difference is the observed clock 

drift correction zk plus noise. The observation model relating the 

observation zk and the state vector elements S and a is 

zk = Sk 
	 (4.15) 

or 	 zk  = [1 	0] LS 
	

(4.16) 

or 	 zk  = HXk 	 (4.17) 



(4.18a) 

2 
_q21 q21 aq22 _ 

2 
aq11 aq12 (4.18b) 

k 
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For this model the Kalman filter equations written out in full 

kk-1 

are: 

- 2 as 	a sa 
2 

bas as 

[S] 	[1 At 

a  k/k-1 0 1  

[c:  2 

1 	a as 

S 

a k-1 

a 	 0 sa 

a 2 	At 1 
a-k-1-  

[-G1] 	a as 
2 	a - 	[11 	[1 0] a 2  a 

	

sa 	 a
z
2 	s 	sa 

G2 	a 	
a2 
	 k 	a 	a  2 

as 	 as a a-k/k-1 	 k/k-1 

• 

-1 

(4.18c) 

   

[S] = 
[Sall  

[zk  - Sk] 

k a 	G2 
(4.18d) 

2 	J 	2 	 - 2 
CS 	a 	[a 	a 	

131 	

as 	a s 	sa 	s 	sa [1 0] 	sa 
2 2 	 2 a 	as -k 	a 	G2 	a 	a as a 	as a 	 as as _ 

-k 	 k/k-1 

 

(4.18e) 

k/k-1 

When the covariance matrices have been determined the Kalman 

Range Correction Filter operates as follows: 

(1) Between Transit fixes the state vector elements (slope 

and synchronization) are used to compute corrections to 

the Loran-C ranges; 

(2) At Transit fixes the state vector elements and state covariance 

matrix are updated using the Kalman filter Equations 4.18. 
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4.4.2 Observation Covariance Matrix R  

Because they are stationary, surveyors on land are usually 

able to make large numbers of observations over long periods of time 

and are therefore able to derive accurate estimates of the error 

statistics of their observation set. Navigators at sea on the other 

hand are always in motion and the number of observations is restricted 

to those they can make in a single time instant. Navigators must 

therefore rely on statistical models to determine the accuracy of 

their observations. 

Ideally, statistical models should be constructed from a data 

base that spans the whole operational range of the instrument (i.e. 

the entire coverage area and a full seasonal cycle) and the reference 

system should be at least an order of magnitude more accurate than the 

system under study. In most marine applications this is impractical 

or even impossible to achieve. For example, no reference system is 

available in the deep ocean areas with which to check Loran-C accuracy 

and it is completely impractical to attempt to make year-round obser-

vations of Loran-C even in the limited areas where more accurate 

reference systems are available. Another consideration that becomes 

much more important for the sort of real time application with which 

this study is concerned is the need to keep the model compact and fast 

to evaluate. 

In the Kalman Range Correction Filter the observation is the 

difference between the observed Loran-C range and the range computed 

from the Transit fix. The observation covariance matrix R must there-

fore reflect the fact that both Loran-C and Transit errors are 
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contributing. That is 

a
z.
2 = a 	2 4. a 	2 

1 Loran-C 	Transit 
(4.19) 

where aLor an-C 2  is the variance of the Loran-C range measurement and 

aTransit2 is the variance of the Transit fix in the direction of the 

Loran-C transmitter. Given the Transit fix covariance matrix 

ra(1)2 

ETransit 	a  2 
A 

Equation 4.19 can be rewritten as 

2 - 	2 A E 	AT a
z. - aLoran-C 	Transit 

(4.2o) 

(4.21) 

where 
[ar rl A - a5  -57 (4.22) 

and the elements of A are found using Equations 4.9 and 4.10. 

Grant [1973] listed the sources of Loran-C errors and gave 

estimates of their magnitudes. These estimates were updated and 

improved by Bryant et al. [1974]. Based on these results a quadratic 

polynomial in range was derived to compute the range observation 

standard deviation 

a
r =A+B•r+C• r2 
	

(4.23) 
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where A = 135.0 

B = -0.17x10-3  

c = 0.86x10-1° 

and 	ar and r are in metres. 

The standard deviation curve is plotted against range in 

Figure 4.6 along with the corresponding weight function obtained from 

the inverse of the standard deviation squared (i.e. one over variance). 

This polynomial is included as part of the real time program and is 

used both for weighting observations during the fix calculation (replac-

ing the identity matrix described in the last paragraph of Section 4.3.1) 

and for computing aLor an-C 
2  in Equation 4.21. 

The Transit covariance matrix is more difficult to obtain 

because the Transit fix calculation is being carried out in a separate 

computer using proprietary Canadian Marconi software which does not 

compute the unknown covariance matrix. In the process of considering 

this problem a computer program was written in FOCAL (D.E.C. 1972) to 

accept certain parameters of the satellite pass (e.g. maximum elevation, 

number of 30 s dopplers before and after pass centre, course and speed 

covariance matrix) and then compute the covariance matrix equation 4.20 

(see Appendix I for program listing and sample outputs). However, 

operationally this routine would have required a considerable amount 

of memory in the already limited PDP-8/E in which the programming was 

being done. Also, it would have been necessary for the operator to 

enter this information into the PDP-8/E via the teletype thereby 

increasing the possiblity of blunders. The only alternative was to 

ask the operator to assess each Transit fix and estimate the Transit 
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fix covariance matrix. The estimation procedure had to be simple so a 

diagonal Transit covariance matrix was assumed. The operator notes 

the relevant Transit fix parameters and enters Table 4.1 (which was 

compiled by Mr. R.M. Eaton, BIO). After he has determined which 

category the fix falls into the operator enters this information into 

the Loran-C computer along with the time, latitude and longitude. 

Program LORSG described in Appendix II also uses this method for 

determining Transit fix accuracy. 

4.4.3 State Transition Covariance Matrix Q  

The state transition covariance matrix Q used in the Kalman 

Range Correction Filter is 

911 9. 
Q = At 	 = fit 

1 

921 	q2 2 

0.002 0 

 

 

0 	0.0001 
(4.24) 

  

where At is the time interval in days since the last Transit fix. The 

time factor At is necessary so that the state covariance matrix does 

not increase by large jumps when the Transit fixes are closely spaced 

in time. The diagonal form was chosen for simplicity. 

The qii element of Q was determined from Grant [1973] who found 

that the clock drift rate was valid as a correction to future observa-

tions to within about 0.05 us/day (15 m/day). This implies that the 

synchronization error increases at the rate of 0.05 us/day or that 

qii = (0.05 us)2  = 0.002 ps2. The q22 element of Q was chosen 

arbitrarily to be small but not zero. 

The state transition covariance matrix Q is discussed further 
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Table 4.1 

TRANSIT FIX CLASSIFICATION 

(Note: These are arbitrary values, 

not directly supported by evidence.) 

Criteria Good Fix Fair Fix Poor Fix 

Speed Scatter from mean over successive 
5 or 10 min fixes (these scatter figures 
can be doubled if course near 90°  or 270°) 

Course Scatter from mean over successive 
5 or 10 min fixes (this tolerance can 
be doubled if course near 0°  or 180°) 

0.2 kt 

2°  

0.4 kt 

4° 

0.6 kt 

6° 

Maximum Elevation for the pass 20-60°  15-65°  10-70°  

Number of 30 s Doppler counts 21 20 16 

Balance of Dopplers about pass centre 
(minimum number of counts on one or 
other side) 

8 6 4 

Residual: 	first determine average 
residual from previous good passes 

lr 3r lOr 

(this depends on program in use). 
Call this 'r' 

a4)  

a 

100 m 

120 m 

200m 

300 m 

100m 

700 m 

NOTE: Fix quality is decided if one criterion puts it in a 

lower category. All estimates at la. 
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in Section 4.5. 

4.4.4 Test Results  

A set of Loran-C/Transit comparisons were processed by the 

Kalman Range Correction Filter to demonstrate its performance. The 

data were collected in mid-April 1975 off the coast of Nova Scotia. 

Only Transit fixes that fell within the first column in Table 4.1 

were used to compute the Loran-C range corrections. The data are 

listed in Table 4.2. There was no land along the propagation path 

between the ship and the transmitter and no propagation or timing 

disturbances were observed during the data collection period (U.S.N.O. 

Time Service Notices, Series 4). These facts show that the data were 

collected under almost ideal conditions and that the only changes in 

the Loran-C range corrections should be due to the relative drift 

between the receiver and transmitter atomic clocks and random noise. 

A linear parametric model [e.g. Wells and Krakiwsky, 1971] was 

used to obtain the linear least squares fit to the data. The computed 

corrections and residuals are given in Table 4.2 along with the original 

data. The slope, intercept, estimated variance factor and estimated 

covariance matrix are given in Table 4.3. All the observed Loran-C 

corrections were assumed to be of equal quality so an identity weight 

matrix was used. To the extent that this assumption is correct the 

variance factor is a measure of the variance of the observed Loran-C 

corrections. 

The Kalman Range Correction Filter was programmed in FOCAL 

(D.E.C., 1972) for a PDP-8/E computer. 
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Table 4.2 

LORAN -C DATA 

Day Time Observed 
Correction 

(us) 

(From Least Squares Fit) 
Computed 

Correction 
(us) 

Residuals 

(us) 

105 0030 0.57 0.15 0.42 

105 0200 0.20 0.18 0.03 

105 1400 0.63 0.41 0.22 

105 1600 0.25 0.45 -0.20 

105 1930 0.15 0.52 -0.37 

106 0300 0.90 0.66 0.24 

106 0450 0.72 0.70 0.02 

106 0550 0.45 0.72 -0.27 

106 0740 1.05 0.75 0.30 

106 1800 1.22 0.95 0.27 

106 2030 0.85 1.00 -0.15 

106 2220 0.72 1.04 -0.32 

106 2240 1.40 1.04 0.36 

107 0040 0.65 1.08 -0.43 

107 0910 1.25 1.25 0.00 

107 1600 1.20 1.38 -0.18 

107 2110 1.53 1.48 0.05 

107 2300 1.23 1.52 -0.29 

108 1320 1.42 1.80 -0.38 

108 2300 2.15 1.98 0.17 

109 0040 1.95 2.02 -0.07 

109 0200 2.35 2.04 0.31 

109 2040 2.32 2.40 -0.08 

109 2130 2.45 2.42 0.03 

109 2210 2.55 2.43 0.12 

109 2230 2.20 2.44 -0.24 

110 1630 3.15 2.79 0.36 
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The data in Table 4.2 were processed by the Kalman Range Correc-

tion Filter using a state transition covariance matrix Q given by (4.24) 

and R = 0.07 ps2. The starting values for the state vector elements 

and the state covariance matrix elements were 

° 
X0 = 

[0.421 

Po = 
r

.01 0.0 - 

0.001_ 

Table 4.3 

STATISTICS OF LORAN-C DATA 

Slope 	 0.466 

Intercept 	 0.137 

Op2 	 0.066 

Estimated 	 [0.0087 
Covariance 
Matrix 	 0.0025 

as/day 

us 

0.0025 

0.0009-71 

Figure 4.7 illustrates the performance of the Kalman Range 

Correction Filter. The circles represent the Loran-C and Transit com-

parisons, the straight line represents the least squares fit through 

the data, and the solid stepped line is the output of the Kalman Range 

Correction Filter. The circles can be interpreted as the instantaneous 

correction that should be applied to the Loran-C range if the Transit 
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fix is errorless. The solid stepped line represents the correction 

the filter applies. The dashed line represents the correction the 

filter would apply if it had been given the incorrect starting slope 

of zero. It eventually merges with the solid stepped line. 

4.4.5 Determining Initial Values for the State Covariance Matrix  
and State Vector Elements  

Kalman filters must have reasonable estimates of the starting 

values for the state vector and state covariance matrix. The procedure 

for obtaining these starting values for the Kalman Range Correction 

Filter is described in this section. 

Prior to this study estimates of the relative drift rate of 

the Loran-C receiver atomic clock were obtained by logging Loran-C 

ranges during a clock rating period for a few days prior to the com-

mencement of the cruise. The drift rate was obtained by plotting the 

ranges against time and fitting a straight line (usually by eye) to 

the plotted ranges and noting the slope. Thereafter time-dependent 

corrections were applied to compensate for the atomic clock drift. As 

the cruise progressed the corrections were adjusted by the operator who 

monitored the Loran-C errors on a control graph (Fig. 4.4) compiled 

from Transit and Loran-C comparisons. 

The procedure for obtaining starting values for the Kalman 

Range Correction Filter is theoretically the same except the straight 

line fit is done by the method of least squares and an estimated co-

variance matrix is computed at the same time. As with the previous 

method there are a number of practical limitations. Often the initial 

estimates for the state vector elements are disturbed just before 
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sailing. A common occurrence is a power interruption during the 

change-over from the shore power supply to the ship's power. The 

effect is a loss of system timing synchronization. After resynchron - 

izing the system the corresponding element in the state covariance 

matrix should be increased in value to reflect the fact that the syn-

chronization correction is not as good as that determined during the 

clock rating period. The frequency synchronization or slope correc-

tion should still be valid and so the corresponding element in the 

state covariance matrix remains unchanged. 

Sometimes it is not possible to carry out a clock rating prior 

to sailing. In this case neither the slope nor the synchronization 

corrections are known. The only alternative in this case is to use 

arbitrary guessed values and allow the system to eventually determine 

the correct estimates from comparisons with Transit. 

In situations where the initial estimates of the state vector 

elements are poor it is important to increase the size of the starting 

values of the state covariance matrix elements. The system is then 

able to respond more quickly to the Transit comparisons. This is 

illustrated by Figure 4.8 where the slope correction determined by 

the Kalman Range Correction Filter as it processed the data in 

Table 4.2 is plotted against time for a starting covariance 

Po = 
[0.001 	0 

0.001 
	 (curve B) 

and for a starting covariance 
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0.i Po = (curve A) 

For comparison the slope determined from the linear least squares fit 

is also shown. 

4.5 	Further Test Results and Conclusions  

In this section a set of data is analyzed that contains large 

nonlinear variations due to overland phase lag. In practice the 

Loran-C ranges are corrected for the additional phase lag due to land 

path before being used in the fix calculation. Here, however, these 

effects are ignored in order to test the operation of the Kalman Range 

Correction Filter under abnormal conditions. 

The test data were collected during the spring of 1975 onboard 

MV Martin KarZsen while enroute to the Labrador Sea to carry out 

routine hydrographic and geophysical surveys. The ship's track is 

shown in Figure 4.9. Throughout the trip four Loran -C range measure-

ments were recorded once per minute on magnetic tape: one to Nantucket, 

one to Angissoq, Greenland, and two to Cape Race, Newfoundland. The 

two range measurements to Cape Race were possible since Cape Race 

transmits at two different Group Repetition Periods. 

In the next two sections the results of the Kalman Range 

Correction Filter's attempt to correct for the abnormally large over-

land phase lag errors are discussed for the Nantucket range and one of 

the Cape Race ranges. In Section 4.5.3 conclusions are drawn and 

recommendations are made. 
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Figure 4.9. 	Ship's track: Halifax to Spotted Island, July 1975 
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4.5.1 Nantucket Range Corrections  

From the ship's track shown in Figure 4.9 it is evident that 

the Loran-C signal propagation path from Nantucket to the ship was all 

over water from the time the ship left Halifax until about 0600 day 186 

when the ship altered course to the north to enter Cabot Strait between 

Nova Scotia and Newfoundland. Almost immediately the signal path had 

to travel the length of Nova Scotia. As the ship proceeded northward 

the amount of land path increased and reached a maximum at about noon 

of day 186. Later that day, as the ship continued on a northerly 

course, the signal propagation path passed to the north of Cape Breton 

Island so that the proportion of land path was reduced by about one-

third. Thereafter the amount of land path remained practically con-

stant as the ship made her way northward through the Gulf of 

St. Lawrence. 

In Chapter 4 it was mentioned that land along the signal 

propagation path increases the phase lag so that a larger correction 

is needed than if the propagation path is all over water. Millington's 

Method [Millington, 1949, and Chapter 4] was used to compute the 

theoretical additional overland phase lag for several points along the 

ship's track and is plotted as a dashed curve in Figure 4.10. 

During the passage to Spotted Island fixes were being obtained 

from Transit at intervals of a few hours. The accuracy of each fix 

was assessed according to Table 4.1. For each fix the theoretical 

Loran-C readings were computed assuming no clock drift and no overland 

phase lag. The differences between the observed and theoretical 

Loran-C readings were found and are plotted as the small circles in 
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Table 4.4 

TRANSIT/LORAN-C TEST DATA 

Day Time 
Transit Data Loran-C Corrections 

Latitude Longitude 0'4)  Q
A 

Cape Race Nantucket 

185 1610 44 41.197 62 18.533 200 300 0.22 0.08 

185 1720 44 46.794 62 02.812 120 150 0.64 -0.34 

185 1840 44 52.935 61 44.111 100 120 0.57 -0.40 

185 1900 44 54.555 61 39.355 130 200 0.10 0.06 

185 2030 45 01.737 61 18.003 150 180 -0.29 0.57 

186 0230 45 40.248 6o 02.567 120 150 0.65 -0.53 

186 0320 45 46.513 59 52.846 120 150 -0.03 0.14 

186 0400 45 51.524 59 45.430 100 120 0.47 -0.48 

186 0420 45 53.782 59 41.690 120 150 2.02 -1.74 

186 0520 46 01.005 59 32.084 100 120 -1.41 0.68 

186 0540 46 04.178 59 31.869 150 200 -1.77 0.27 

186 0640 46 14.328 59 31.967 100 120 -0.36 -1.49 

186 0710 46 19.732 59 31.899 100 150 0.41 -2.29 

186 0830 46 34.736 59 31.695 120 150 -0.50 -1.42 

186 0900 46 40.408 59 31.915 150 180 0.77 -2.53 

186 1040 46 59.046 59 31.699 120 200 0.04 -2.35 

186 1550 47 49.551 59 31.036 100 120 -1.03 -1.36 

186 1630 47 55.831 59 29.964 200 300 -1.18 -1.74 

186 1710 48 02.189 59 28.994 150 200 -1.38 -1.63 

186 1740 48 07.006 59 28.189 100 120 -1.81 -1.21 

186 2150 48 451470 59 12.023 100 150 -2.39 -0.52 

186 2330 49 00.045 59 00.553 120 150 -1.61 -0.48 

186 oo4o 49 10.201 58 52.441 100 120 -1.98 -0.47 

187 0230 49 25.868 58 39.505 100 120 -2.03 -0.54 

187 0600 49 55.224 58 14.496 200 300 -2.47 0.32 

187 0950 50 26.872 57 46.265 200 300 -2.93 1.07 

187 1430 51 01.807 57 17.020 100 120 -2.64 -0.09 

187 1720 51 26.640 56 37.599 100 120 -1.79 -0.79 

187 1820 51 33.070 56 21.864 150 200 -2.03 -0.51 

187 1840 51 35.237 46 16.935 100 120 -1.97 -0.55 

187 1910 51 38.419 56 09.283 100 120 -1.77 0.14 

187 2050 51 49.077 55 45.229 100 120 -1.12 -0.52 
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Figure 4.10. The Transit data and Loran-C comparisons for the Nantucket 

range and one of the Cape Race ranges are tabulated in Table 4.4. The 

Transit/Loran-C comparisons clearly show the influence of the overland 

phase lag. 

The Transit/Loran-C data were processed by the Kalman Range 

Correction Filter using the state transition covariance matrix Q given 

in Section 4.4.3. The stepped curve in Figure 4.10 shows the output 

of the filter. The filter responds to a limited extent to the varia-

tions due to overland phase lag, but, what is more important, it does 

not display any erratic behaviour. 

[6.02 	0 
Q = At 

0 	0.001] 
(4.25) 

(i.e. ten times larger than 4.24). The output is plotted in Figure 4.12 

and, as expected, shows more response than in Figure 4.10. 

4.5.2 Cape Race Range Corrections  

The variation in the observed Cape Race Loran-C readings was 

caused by the signal travelling over Newfoundland when the ship was 

passing up through the Gulf of St. Lawrence. The theoretical overland 

phase lag is shown as the dashed curve in Figure 4.12 along with the 

Transit/Loran-C comparisons (circles). 

The observations were processed by the Kalman Range Correction 

Filter for both values of Q given by 4.24 and 4.25. The results are 

shown as the stepped curves in Figures 4.12 and 4.13. As with the 

Nantucket range the response of the filter was greater for the larger 
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values of Q. 

4.5.3 Conclusions and Recommendations  

The results just described demonstrate that the Kalman Range 

Correction Filter remains stable even when the nonlinear variations 

are much larger than those that would normally be encountered. The 

fact that the filter did not follow the variations due to overland 

phase lag even closely is not significant since, during normal opera-

tions, most of the errors due to land path are removed. Indeed, it is 

important that the filter did not follow the short period fluctuations 

due to noise in the Transit and Loran-C measurements since it was 

designed to model the long term trends due to clock drift. 

From these results it appears that a more realistic estimate 

for the state transition covariance matrix Q is probably in the range 

between the values given by 4.24 and 4.25. These values for the 

elements of Q are approximately 1% to 10% of the values for the elements 

of the state covariance matrix P. Operationally, it might be better 

to allow the operator to vary Q between these two limits in response 

to the prevailing conditions. 

An important aspect of any estimation technique is the problem 

of robustness (i.e. making the procedure insensitive to gross errors). 

This is especially important in real time applications. The most 

common technique for making least squares methods more robust is by 

selectively editing out observations that are not within some speci-

fied limit of the expected value. This is the approach used here to 

make both the Kalman Range Correction Filter and the Least Squares Fix 
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more robust. 

The initial approximation used in the Least Squares Fix algor- 

ithm is the previous fix. Assuming that ships never travel faster 

than 100 km/hr (54 knots) it is reasonable to expect the next fix to 

be within 100•At km of the previous fix where At is the time interval 

in hours since the last fix. It is also reasonable to expect the 

elements of the misclosure vector (i.e. the difference between the 

observed ranges and the ranges corresponding to the approximate position) 

to be less than l00•At km. The approach used in LORSG is to terminate 

the fix calculation when any element of the misclosure vector is 

greater than 10 km. A better approach would be to use an expanding 

limit with time, as described above. A further improvement would be 

to set only the corresponding row of the design matrix equal to zero 

so that the offending range would be ignored in the fix calculation. 

However, with this approach, a check would be necessary to ensure that 

there are at least two independent range measurements so that a fix 

could be computed. Another alternative is to use the latest estimate 

of the ship's course and speed to predict the ship's position at the 

time of the next fix. The predicted estimate of the ship's position 

is used as the initial approximation for the fix calculation. A fixed 

limit is used to test the elements of the misclosure vector. This, 

in essence, is the procedure used as part of the Kalman Integration 

Filter described in the next chapter. 

In the program LORSG the Kalman Range Correction Filter is 

made more robust by testing the difference between the observed and 
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predicted range correction. When the difference is larger than 3 us 

the observation is ignored. 



CHAPTER 5 

INTEGRATION OF LORAN-C, SHIP'S LOG, AND SHIP'S GYROCOMPASS  

In the previous chapter a technique for integrating rho-rho 

Loran-C and Transit was described which gave continuous, accurate 

estimates of the ship's position. The key element was a linear Kalman 

filter that modelled the corrections to the Loran-C ranges from com-

parisons with Transit. Estimates of the vessel's velocity for use in 

the Transit fix calculation were assumed to be obtained from Loran-C. 

In Section 5.1 we consider the problem of determining the ship's 

velocity. In the absence of ship's log and gyrocompass observations 

the ship's velocity is found by computing the displacement vector 

between two Loran-C fixes and dividing by the time interval. Smoothed 

estimates are obtained by passing the course and speed data through a 

low pass digital filter. In Section 5.1.2 velocity estimates from 

ship's log and gyro are discussed. The significance of the fact that 

the log only measures the ship's velocity component relative to the 

water mass in the direction of the ship's heading is considered. 

In Section 5.2 a different approach to the integration problem 

is taken. To this point the Kalman filter has only been used to 

compute corrections to observations which are then used in a simul-

taneous least squares procedure. In Section 5.2 the Kalman state 

vector elements consist of the unknown observer latitude and longi-

tude, the observer's velocity components and the ocean current velocity. 

79 
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5.1 	Ship's Velocity from Loran-C and Ship's Log and Gyrocompass  

Velocity estimates from Loran-C tend to be very noisy but have 

the advantage that they are relative to the earth's surface. Veloc-

ities from ship's log and gyrocompass, on the other hand, are smoother 

but have offsets due to the influence of winds and ocean currents. By 

combining these two types of data smoother estimates of the ship's 

velocity and estimates of the ocean current vector are possible. 

5.1.1 Ship's Velocity from Rho-rho Loran-C  

Estimates of ship's course and speed are found from two Loran-C 

fixes (01, XI, and 42, 02) and the time interval At between them as 

follows: 

Course = arctan (A0/AXcos0) 	 (5.1) 

Speed = i(A0.a)2  + (AA•a•cos0)2 	 (5.2) 

where 	 = 02-01 

AX = X2-X1 

a = earth's radius 

= (02+00/2  

A plane earth approximation is used because the interval At between 

fixes is usually one minute (and is seldom longer than 10 minutes). 

At ship's speeds of 27 km/hr the error introduced by this assumption 

is less than 45 m. 

To illustrate the accuracy of the velocity information obtained 

by this method the Loran-C data described in section 4.4.3 was processed 
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and courses and speeds between successive one-minute fixes were com-

puted. A period during day 185 was selected when the ship was steer-

ing a steady course at a constant speed. Figure 5.1 shows the histo-

grams of the courses and speeds obtained over a typical one-hour 

period. The means and standard deviations are also given. For com-

parison, Figure 5.2 shows the histograms of the one-minute ship's log 

and gyro observations collected during the same period. The Loran-C 

estimates are clearly inferior by almost an order of magnitude in the 

ship's course standard deviations. The 5% trimmed estimates are obtained 

by eliminating the highest 5% and lowest 5% of the observations prior 

to computing the statistics [Huber, 1972]. 

To obtain more useful results the Loran-C derived course (C) 

and speed (s) were separately filtered using a simple recursive low-

pass digital filter of the form 

Ck = Ck-1 + K(Ck - Ck-1) 

Sk = Sk-1 + K(Sk - Sk-1) 

where K = 1-e-(At/p.) 

At = time interval between fixes 

a = time constant 

(5.1) 

(5.2 ) 

(5.3) 

and the caps denote filtered estimates. Figure 5.3 shows histograms 

of the filtered Loran-C velocity components for a = 3.3 minutes and 

= 10 minutes. However, you never get something for nothing. The 

smoother estimates of the velocities given by the filter during periods 
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when the ship is maintaining a steady course and speed are obtained at 

the expense of large errors when the ship is maneuvering. This is 

illustrated by Figure 5.1 which shows the ship's heading as determined 

by gyrocompass, raw one-minute Loran-C courses, and filtered Loran-C 

courses during an 18°  alteration in course. 

5.1.2 Velocity from Ship's Log and Gyrocompass  

It is evident from the preceding section that over a given 

time interval ship's log and gyro are much smoother estimators of 

ship's velocity than estimates from Loran-C. However, log and gyro-

compass observations have biases due to the influence of both wind and 

ocean currents. 

A single axis ship's log only measures the component of ship's 

velocity in the direction the ship is pointing. Frequently due to 

wind effects the ship moves through the water at an angle relative to 

the ship's heading (see Figure 5.5). The displacement vector of the 

ship after a period of time is therefore the sum of the displacement 

measured by the ship's log and gyro plus the displacement caused by 

the wind. The influence of the wind on a ship is a complicated func-

tion of the shapes of the hull and superstructure, the relative direc-

tion and speed of the wind, and the ship's velocity. If the influence 

of the wind can be determined, the displacement of the ship with 

respect to the water mass can be computed by adding the vectors S and 

W shown in Figure 5.6. If the water mass is moving relative to the 

surface of the earth the displacement of the ship after some time 

interval is illustrated by Figure 5.6. 
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An indication of the size and variation of the combined wind/ 

current vector is given by Table 5.1. This table was constructed from 

the data described in Section 4.4.5 by taking the vector differences 

between the one-hour mean velocities obtained from Loran-C and ship's 

log and gyro. 

A simple linear Kalman filter similar in form to the Kalman 

Range Correction Filter could be derived to estimate the wind/current 

displacement vector. 

5.2 	Kalman Integration Filter  

The approach thus far has been to use observations from one 

sensor with short term noise but no biases or trends to determine 

corrections to observations from another sensor that is stable over 

the short term but which may have bias errors and trends. In effect, 

the Kalman filter has been used as a low-pass filter. The flow of 

information has been from the sensor with good long term stability to 

the sensor with poor long term stability, but not vice versa. The 

filter proposed in this section remedies this situation by using the 

Kalman filter to estimate the unknown ship's position and velocity 

directly from rho-rho Loran-C and ship's log and gyro observations. 

The alternative suggested in the last section was to use the Kalman 

filter to simply estimate corrections to the ship's velocity components. 

It is expected that the smoothness of the ship's log and gyro 

velocity observations will propagate through the filter to make the 

positions obtained from the filter more stable relative to each other. 



Ship's 
Heading 

Wind 
Direction 

Direction 
of 
Ship's 
Motion 

Figure 5.5 

Direction of Ship's Motion due to 
Wind Forces 

88 



C 

Current 
Direction 

Wind 
Direction 

89 

S - = Displacement vector caused 
by ship's propulsion equipment 

W - = Displacement vector caused 
by wind 

C - = Displacement vector caused 
by current 

Figure 5.6. Ship's displacement vector in the 
presence of wind and current 
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Table 5.1 

COMBINED WIND/CURRENT VECTOR DERVIED FROM VECTOR 

DIFFERENCE BETWEEN LORAN-C AND LOG/GYRO 

Time Loran -C Log/Gyro Wind/Current 

Course 
(deg) 

Speed 
(knots) 

Course 
(deg) 

Speed 
(knots) 

Direction 
(deg) 

Speed 
(knots) 

1630/1730 62.64 11.0 63.22 10.99 328 0.1 

1730/1830 63.46 11.12 63.04 11.06 117 0.1 

1830/1930 63.63 11.15 62.91 11.06 120 0.2 

1930/2030 65.08 11.32 63.09 11.09 123 0.4 

2030/2130 65.69 11.19 63.11 11.10 144 0.6 

2300/2400 49.37 11.18 45.28 11.14 134 0.8 
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In effect, with this approach, the information also flows from the 

sensor with good short term stability to the sensor with poor short 

term stability. 

The complete integration of Loran-C and Transit in the sense 

just described for Loran-C, ship's log and gyro is not considered in 

this study. 

5.2.1 Kalman Integration Filter Equations  

The state vector in the Kalman Integration Filter consists of 

the six elements: ship's latitude cp and longitude A, north and east 

components of ship's velocity VNs  and VEs  and north and east components 

of ocean current velocity VNC  and VEC. All velocities are relative to 

the earth's surface. The ocean current velocity components VNC  and 

VEC 
are only good estimators of the true ocean current velocity in the 

absence of wind effects. cp and A are in radians and all velocities 

are in km/hr. Assuming that the ship's velocity and the ocean current 

do not change from time tk-1  to time tk  the state transition equation 

is 

= F •  xk/k -1 	Xk 
(5.1) 



92 

or, written out in full, 
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where At = t
k 
- t

k-1 
and a is the semi-major axis of the reference 

ellipsoid in kilometres. The plane earth approximation used here 

introduces an error of less than one metre over a prediction interval 

of one minute. 

The observations in this example consist of up to four Loran-C 

ranges, four rates of change of the Loran-C ranges, ship's course from 

gyro and ship's speed from log. The rates of change of the Loran-C 

ranges are obtained by computing the differences between the ranges at 

the last observation instant and the ranges at the current observation 

time and dividing the range differences by the time interval. The 

observation equation relating the latitude and longitude to the Loran-C 

range observation is given by 1.5. The equations relating the ship 

and current velocity components to the ship's gyro heading 8 in radians 

and ship's log speed V in km/hr are 

6 = arctan (AVN/AVE) 
	

(5.2) 

V = 1/AVN2  + AVE2 
	

(5.3) 
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where AVN = (VNS - VNC) 
	

(5.1k) 

AVE = (VES  - VEC  ) 
	

(5.5) 

The equation relating the rates of change of the Loran-C ranges to the 

ship's velocity components is obtained by differentiating the spherical 

part of Equation 4.5 with respect to time to get 

dV1  . . dVi 	1 	1 

	

dV. 	dV. 	dV. 
V =- — • 	+ 	It_ 	.v + 1.v 	(5.6) 

dt i d.(1) dt dA dt dA NS dA ES 

where dVi/dcp and dVi/da are given by 4.9 and 4.10. 

The Jacobian matrix H needed in the Kalman filter Equations 3.21 

is obtained by taking partial derivatives of the observation Equations 

1.5, 5.2, 5.3, and 5.6 with respect to the state vector elements to 

obtain 
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ari/DO and ari/aA are given by 1.9 and 4.10. ari/aVNs  and ri/alrEs  

are obtained by differentiating 5.6 with respect to VNs  and V
ES 

respectively to obtain 

ari 	ar
i 

av
NS 

- 

ao 
(5.8) 
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• 
ar. 	ar. 
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The remaining terms in H are 

ae 
av 

= AV
E
/(AV

N
2 + AV

E
2) 

NS 
 

(5.9) 

(5.10) 

av
ae  = -AV

N
/(AV

N2  + AVE
2) 

ES 
(5.12) 

and 
ae ae 	av 	av  _ _ 	 _ 

av
NC 	

avNS ' 3VNC 	avNS 

30 a0 	3V 	av _ 	 — — 
av
EC 	

DVES ' 3V
EC 	

av
ES 

Except for starting estimates for the state vector elements 

and the three covariance matrices R, Q, and P all the components of 

the Kalman filter equations are completely specified. 
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CHAPTER 6 

DISCUSSION AND CONCLUSIONS  

In Section 6.1 the results presented in Chapters 4 and 5 are 

summarized and discussed. Several suggestions for future work are 

given in Section 6.2. 

6.1 	Discussion of Results  

The first task in applying a Kalman filter is designing the 

system dynamics model and the observation model and deciding what are 

to be the state vector elements. It is then necessary to determine: 

(a) the initial estimate of the state vector, X0 

(b) the initial state covariance matrix, Po 

(c) the model for the observation covariance matrix, R 

(d) the model for the state transition covariance matrix, Q 

In Chapter 4 a procedure for integrating Transit and Loran-C, 

called the Kalman Range Correction Filter, is described and tested. 

The Kalman Range Correction Filter estimates the corrections to the 

Loran-C ranges to compensate for the errors that result from the lack of 

synchronization between the transmitter and receiver atomic clocks. 

The observations consist of the differences between the observed Loran-C 

ranges and the theoretical ranges computed from Transit fixes. Ship's 

positions are computed from the corrected Loran-C ranges by a least 

squares estimation technique. Ship's velocities are determined from 

the displacement vector and time interval between two Loran-C fixes. 
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Section 4.4.4 deals with the problem of determining initial 

estimates of the state vector and state covariance matrix. Essentially, 

the procedure consists of recording the Loran-C ranges for a few days 

at a known point. Estimates of the rate of change of the ranges with 

time and a synchronization correction are computed by the method of 

least squares. An estimated state covariance matrix is also determined. 

The importance of using a large variance in the initial state covariance 

matrix corresponding to elements of the state vector that are not 

accurately known is demonstrated. 

In Section 4.4.2 the model for determining the observation co-

variance matrix R is described. Since the observation vector consists 

of a single element, R is a single variance element. R is determined 

from the sum of the variances due to Loran-C and Transit. The Loran-C 

range variance is assumed to be a function of range and is computed by 

means of a polynomial in range. This approach is simple and reliable 

but neglects disturbances (e.g. meteorological) that are not range 

dependent. An improved approach might be to use the receiver gain or 

the signal-to-noise ratio in addition to the range in a more sophisticated 

model. 

The contribution to the observation variance from Transit is 

determined from the Transit fix covariance matrix by the covariance law. 

The Transit fix covariance matrix is determined by a table look-up 

procedure. This approach is necessary because the Transit fix soft-

ware is inaccessible and does not compute a fix covariance matrix. 

The Kalman Range Correction Filter would be improved if an estimated 
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Transit fix covariance matrix was computed with each fix. 

The state transition covariance matrix Q is described in 

Section 4.4.3 and again in Section 4.4.5. For simplicity, it is 

assumed to be a time-dependent diagonal matrix although in Section 

4.4.5 it is mentioned that it would be better if it could be changed 

by the operator. The influence of Q on the output of the Kalman Range 

Correction Filter was shown in Section 4.4.5 to be quite small. 

In Chapter 5 the accuracies of ship's velocities determined by 

log and gyro and Loran-C are analyzed and a proposed model to fully 

integrate Loran-C, log and gyro is described. The velocity analysis 

shows that: 

(a) log and gyro velocities are smoother than unfiltered Loran-C 

velocities, 

(b) filtered Loran-C velocities approach the smoothness of log 

and gyro velocities but exhibit large errors during changes 

of course or speed, 

(c) log and gyro velocities have biases due to the combined 

effect of winds and currents, 

(d) Loran-C velocities are independent of the effects of winds 

or currents. 

The proposed Kalman Integration Filter is designed to use the 

smoothness of the log and gyro velocities and the absolute accuracy of 

the Loran-C velocities. 
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6.2 	Suggestions for Future Work  

It is recommended that: 

(a) more sophisticated models be developed for computing the 

observation covariance matrix and the state transition 

covariance matrix in the Kalman Range Correction Filter; 

(b) more accurate long line formulae be used in the Loran -C Least 

Squares Fix routine, when computer memory permits; 

(c) a Transit fix covariance be computed routinely with each fix; 

(d) the Transit fix and the fix covariance matrix be presented 

automatically to the Kalman Range Correction Filter obviating 

the need for operator intervention; 

(e) work continue on developing the Kalman Integration Filter. 
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APPENDIX I 

TRANSIT COVARIANCE MATRIX  

In this appendix a computer program is described that computes 

a Transit fix covariance matrix. The results produced by this program 

agree with those found by Sluiter (1969) and confirm (a) the Transit 

accuracy estimates in Table 4.1 and (b) the statements about Transit 

accuracy in Section 2.4. 

The model used in this program is illustrated in Figure I-1. 

The satellite is assumed to move parallel to the plane earth's surface 

at an altitude of 1000 km in either the positive (north) or negative 

(south) x direction at a velocity of 440 km/min. It is also assumed 

that there are no missing Doppler measurements during the pass 

(i.e., no 'holes'). The parameters needed by the program are: 

1. number of 30 s Dopplers before pass centre, 

2. number of 30 s Dopplers after pass centre, 

3. maximum elevation, 

4. satellite direction of travel (north or south), 

5. satellite track relative to observer (east or west), 

6. velocity north/velocity east covariance matrix. 

The model relating the doppler counts Ni  with the unknowns 

Af, x, y is 
f0 

Af • At + — c S. - N. = 0 1 

At is the integration time interval which in this case is 30 s, 

AS. is the difference in distance from the observer to two consecutive 
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Figure I-1. Model for Transit Covariance Program 
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satellite positions i and 1+1 

AS.=)/(x-x.1)2 +(y-. Yl)2 + (z-z.)2  1  

- i(x-xi_i  ) 2 	(Y-Yi4.1)2  + (z-zi+1)2  

 

(1.2) 

The observer is assumed to be stationary at the origin so that 

x = y = z = 0 and by assumption zi  = 1000 km for all i. 

 

From Figure 1.1 

   

yi  = 1000/tan8 

for a satellite to the east of the observer and 

y. 	-1000/tan8 Yi 

 

(1.3) 

if the satellite is to the west of the observer where 8 is the maximum 

alevationthesatellitereacheschlringthelmss.x.are determined by 

x.1  = 220 • i 
	

(1.5) 

where i ranges from -N1 to N2 where N1 and N2 are the number of dop-

pler counts before and after pass centre respectively. For a south-

going satellite, i goes from -N2 to Nl. 

The usual least squares pre-analysis technique is used [Wells 

and Krakiswky, 1971]. This is, if there is a linearized relationship 
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between the observations L (Doppler counts) and the unknowns X 

(observer coordinates and frequency offset), of the form 

L = A • X 
	

(1.6) 

then the relationship between the observation covariance matrix EL  

and the unknown covariance matrix E
X is 

EX = (AE 
1
A
T
) 
-1 

where 	A. . = (a1. a. a. ) 1 12 13 

ail  = At 

(1.7) 

fo x. 	- x. 1-1 

f0 Yi-1 - Yi 
ai3 

= _ 
c 	- v. 

For this program the observation covariance matrix is assumed to be 

diagonal with each diagonal element being found from 

2  
aN.  = aN + aN 1 	0 	v  

(I.12) 

where aN 2  is a constant Doppler measurement noise term and aN 2  is 0 
the additional noise in the Doppler measurement contributed by the 

errors in the vessel's estimated velocity. The covariance law is used 

to find aN 2  from the velocity north/velocity east covariance matrix Ev 
v 



aN  2 =  B E BT = bll
2 
 a 2 
	

12
1 
 a 2  VN 	VE 

Xi-1 + X1  b11 = 
v 	+ v. V. 
	1 

where 

b12 - v. 	4. v.  
1-1 

. Yi -1 + Yl  
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b  

and a and a are the standard deviations of the north and east 
VE 

components of the vessel's estimated velocity. 

The value of a
N 

of eight Doppler counts was found by trial 
0 

and error to give results close to those given by Sluiter [1969] and 

shown in part in Figure 2.8. 

A program listing in FOCAL [D.E.C., 1972] and a sample output 

follows. The results are tabulated in Tables I-1 and 1-2. 
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Table I-1 

PREDICTED 95% TRANSIT ERROR ELLIPSES 

(A = semi-major axis, B = semi-minor axis, 

= orientation of semi-major axis) 

VN = 1 knot, 	= 1 knot 

Maximum 	Ellipse 	15 Dopplers 	5 Dopplers 
Elevation 	Elements 	before Pass 	before Pass 

Centre 	 Centre 
15 Dopplers 	20 Dopplers 
after Pass 	after Pass 
Centre 	 Centre 

A 	 705 m 	 1277 m 
15° 	 B 	 434 m 	 480 m 

6 	 0° 	 54° 

A 	 237m 	 423m 
30° 	 B 	 215 m 	 195 m 

8 	 90° 	 70° 

A 	 212 m 	 295 m 
45° 	 B 	 128 m 	 126 m 

e 	 900 	 790 

A 	 241 m 	 294 m 
6o° 	 B 	 91 m 	 93 m 

0 	 9o° 	 84° 

75° 
 

A 	 396 m 	 451 m 
B 	 71 m 	 74 m 
8 	 90° 	 88° 
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Table 1-2 

PREDICTED 95% TRANSIT ERROR ELLIPSES 

(A = semi-major axis, B = semi-minor axis, 

6 = orientation of semi-major axis) 

Maximum Elevation = 45° 

15 Dopplers each side pass centre 

avN 	aVE 
(knots) 

0.1 0.3 0.5 0.8 1.0 1.5 2.0 4.0 

A (m) 91 106 131 178 212 302 395 774 

B (m) 57 66 80 108 128 182 237 464 

6 (deg) 90 90 90 90 90 90 90 90 
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SAMPLE OUTPUT FROM TRANSIT COVARIANCE PROGRAM 

• OOPS BEFORE :15 
O DOES AFTER :15 
MAX. ELEV. :15 
NORTH GOING(0) OR SOUTH GOING(1) :0 
SAT. EAST(0) OR WEST(1) OF OBSERVER :0 
CO/SP COV. :1 :0 :1 
S/N COV = = 0.082843844 	=-0.000000000 	= 0.031358125 
ERROR ELLIPSE 
A 	= 705.1738585 	8 	= 433.8515232 	TH 	=-0.000000014 

4 DOFS BEFORE : 15 
4 DOPS AFTER :15 
MAA. ELEV. :15 
NORTH GOING(b) OR SOUTH GOING(1) :0 
SAT. EAST(0) OR WEST(1) OF OBSERVER :0 
CO/SF COV. :.3 :0 :.3 
S/N COV = = 0.017827948 	=-0.000000000 	= 0.006738285 
ERROR ELLIPSE 
A 	= 327.1272802 	B 	= 201.1132825 	TH 	=-0.000000033 

O DOFS BEFORE :5 
O DOFS AFTER :20 
NAA. ELEV. :15 
NORTH GOING(0) OR SOUTH GOING(1) :0 
SAT. EAST(,) OR WEST- CI) OF OBSERVER :0 
CO/SF COV. :1 :0 :1 
S/N COV = = 0.120727572 	= 0.111546215 	= 0.189299197 
ERROR ELLIPSE 
A 	= 1277.082076 	B 	= 479.5800771 	TH 	= 53.54289416 

O DOPS BEFORE :5 
DOFS AFTER :20 

mAA. ELEV. :15 
NORTH GOING(0) OR SOUTH GOING(1) :0 
SAT. EAST(0) OR WEST(1) OF OBSERVER :0 
CO/SF COV. :.3 :0 :.3 
S/N COV = = 0.025914384 	= 0.024011144 	= 0.040853915 
ERROR ELLIPSE 
A 	= 592.7297387 	B 	= 222.3694377 	TH 	= 53.64034870 



114 

TRANSIT COVARIANCE PROGRAM 

01.10 E 
01.20 S F1=3.1415926543S RD=FI/180.03S 00=400000000.0 
01.22 S C=299792.506015 0Z=100(0.03S SN=8 
01.30 1 "# DOFS BEFORE "IA NI 
01.31 1 !,"# DOES AFTER "IA N2 
01.32 T !,"MAX. ELEV. "IA AL 
01.33 U 3 
01.35 T !"CO/SF COV. "IA C5(1),CS(2),CS(3)JD 4 
01.36 S DY=-1000.0/(FSIN(AL*RD)/FC0S(AL*RD)) 
01.40 S I=-N1 
01.50 S 1=1+1 
01.52 S D1=220.0*(I-1);S D2=220.0*I 
01.54 S R1=FSOI(D1c2+DYI2-1-DZt2)3S R2=FSOT(D2t2+DYt2+DZs2) 
01.58 S A1=30.035 A2=-G0*((D1/R1)-(1)2/R2))/C 
01.60 5 A3=-GO*DY*((1/R1)-(1/R2))/C 
01.61 5 C1=(1)1+D2)/(R1+R2);S C2=2*DY/(R1+R2) 
01.62 S f'=1/(C1t2*CS(1)+2*C1*C2*CS(2)-1-C2I2*CS(3)+SNt2) 
01.64 S B1=81-1-F*A1t23S B2=82+F*A1*A2iS B3=B3+F*A1*A3 
01.68 S 04=1:$4+F*A2t235 85=B5+F*A2*A33S B6=B6+P*A3t2 
01.70 I (1-N2)1.50,1.72,1.72 
01.72 S B7=84-82t2/B13S B8=B5-B2*B3/61 
01.77 S B9=86-B3t2/B1iS DD=B7*B9-88.12 
01.80 S CO(1)=B9/DEUS CO(2)=-B8/DDJS CO(3)=B7/DD 
01.90 T ';‘10.5,!,"S/N COV = "CO('," 	",C0(2)," 	",C0(3),! 
01.92 0 2 
01.95 G 1.10 

02.10 S DD=C0(1)*C0(3)-00(2)123S DS=C0(1)+CO(3) 
02.15 S A=2.45*1000.0*FSGT(0.5*(DS+FSeT((DSt2)-4*(DD)))) 
02.20 S 6=2.45*1000.0*FSGT(0.5*(DS-FS0MDSt2)-4*(DD)))) 
02.22 S DY=C0(1)-00(3)3S DX=2*C0(2)3D 6 
02.25 S TH=0.5*(AZ+180*FATN(DX/DY)/FI) 
02.30 T %10.5,"ERROR ELLIFSE",!,"A 	",A," 	B 	",B," 	TH 

03.10 T !,"NORTH GOING(0) OR SOUTH GOING(1) "IA Z 
03.15 I (Z-1)3.253S HO=N135 N1=N235 N2=HO 
03.25 T !0"SAT. EAST(0) OR WEST (1) OF OBSERVER "IA Z 
03.30 I (Z-1)3.3535 AL=-AL 
03.35 k 

04.10 F 1=1,335 CS(I)=((GO/C)*CS(I)*1.852/120)1.2 

06.10 I (DY)6.15,6.15;S AZ=03R 
06.15 I (DA)6.20,6.30,6.40 
06.20 5 AZ=-180;R 
06.30 S AZ=Oik 
06.40 S AZ=1803R 
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SAMPLE DIALOGUE FOR STARTING LORSG 

:PP,LOPSG 
TYPE DE FOR PROGRAM DESCRIPTION ON LINE PRINTER 

DE 

ST 
STATION NO.: 

1 
LAT: 
46 46.5313 
LONG: 
53 10.4860 
EDLY: 
36389.56 
STATION NO.: 
2 
LAT: 
41 15.2048 
LONG: 
69 58.6517 
EDLY: 
52541.27 
STATION NO.: 
3 
LAT: 
59 59.2865 
LONG: 
45 10.4578 
EDLY: 

0.0 
STATION NO.: 
4 
LAT: 
46 46.5313 
LONG: 
53 10.4860 
EDLY: 
48212.24 
STATION NO.: 
0 

1 46 46.5312 53 10.4860 36389.56 
2 41 15.2046 69 58.6514 52541.27 
3 59 59.2868 45 10.4576 .00 
4 46 46.5312 53 10.4860 48212.26 

U F 
WF = .00 .00 	.00 .00 
NEW WF: 
1.0 1.0 0.5 	1.0 
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DIALOGUE ( CONTINUED) 

IN 
DAY: 

185 
LAT: 

45 00 
LONG: 

63 00 
COURSE AND SPEED: 
63 11 
ENTER STN t'S OF CAPE RACE: 
1 4 

DR 
START TIME: 

185 00 00 
RANGE NO.: 

1 
ENTER SYNC, SYNC STD, SLOPE, SLOPE STD: 
0.0 0.1 0.0 0.05 

RANGE NO.: 
2 
ENTER SYNC, SYNC STD, SLOPE, SLOPE STD: 
0.0 0.2 0.0 0.04 

RANGE NO.: 
3 
ENTER SYNC, SYNC STD, SLOPE, SLOPE STL: 
0.0 0.15 0.0 0.02 

RANGE NO.: 
4 
ENTER SYNC, SYNC STD, SLOPE, SLOPE STL: 
0.0 0.2 0.0 0.05 

RANGE NO.: 
0 

START TIME = 	185 
RANGE NO. 	SYNC 

0 	0 
SYNC STD SLOPE SLOPE STD 

1 .0000 .1000 .0000 .0500 
2 .0000 .2000 .0000 .0400 
3 .0000 .1500 .0000 .0200 
4 .0000 .2000 .0000 .0500 

D 
D COPP'N'S = .00 .00 .00 .00 
NEV D CORR'N'S: 

1.0 1.0 -9.0 1.0 

SA 
LAT: 

45 00 
LONG: 

63 45 
39205.65 	54729.41 	6930.70 	51028.33 
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PROGRAM LORSG DESCRIPTION PRODUCED BY DESCRIBE COMMAND 

1PRoGRAN NAME: LURSG 
FUNCTION: OFF-LINE RHO-RHO LORAN-C/SATNAV INTEGRATION PROGRAM 
AUTHOR: S„ GRANT, dIO NAV, GROUP 
°ATE: 20 FEB, 1976 

THIS PROGRAM READS TIME, LORAN-C AND LOG/GYRO DATA 
FROM A CLEANED UP HIODAL MAGNETIC TAPE (UNIT 0) ANT) SATNAV DATA 
FROM PUNCHED PAPER iAPE (HSR) AND OUTPUTS RESULTS TO A SECOND 
MAGNETIC TAPE (UNIT 1), THt LINE PRINTER AND THE TTY, COMMANDS 
STFIN AND WE MUST BE EXECUTED BEFORE DATA PROCESSING CAN BEGIN, 
INTERRUPT DATA PROCESSING AT ANY TIME BY SETTING SWITCH REGISTER BIT 0 = 1. 

STATIoN(sT) 
ENTER STATION NUMBER, STATION COORDINATES(DEG, & MIN.) 
AND EMISSION oELAY(MICROSEC,) 
ENTER SIN # m 0 TO GET PRINT OUT OF DATA. 
ENTER STN # NEG. OR GREATER THAN 4 TO EXIT. 

INITIALIU(IN) 
LNrtk GAY, IN1rIAL LAT. AND LONG,(DEG, & MIN.) 
ANU APFKOX. COURSE AND SPEED(DEG, & KTS.) 

0 
ENTER ONE CORKECTIoN(NICRUSEC.) TO EACH RANGE. 

wEIGH1 FACTuRs(Nr) 
NtIGHT FACTORS ANt NORMALLY SET EQUAL TO ONE, 
iF A KANGt IS NuT USED SET ITS wF EQUAL TO ZERO, 
IF THERE IS LANLI  ALONG THE PROPAGATION PATH 
.1:r THAT NI" EitTritEN 0.3 AND 1,0, SET wF a  0,3 FOR ALL LAND PATH.. 

uRIFT(OR) 
ENTER START TImE FOR CLOCK DRIFT CORRECTION FOLLOWED BY THE 
RANGE NU., THt SLOPE, SYNC AND STANDARD DEVIATIONS, 
ENTER KNG # #0 To GET PRINT OUT OF DATA, 
ENTtk RNG # NEG. OK GREATER THAN 4 TO EXIT. 

SATNAv(SA) 
ENTER sATNAv FIX ANt) GET COMPUTED LORAN-C RANGES ON TTY. 
(RANGES AKE CORRECTED FOR LAND AND WATER PHASE, LAG.) 

FIX(F1) 
COMMENCE PROCESSING DATA, 

DESCRIdt(DE) 
PRINT THIS PROGRAM DESCRIPTION ON THE LINE PRINTER, 

LORSG SwITCH REGISTER OPTIONS 
bIT # 	 FUNCTION(WHEN ON) 
0 	 INTERRUPT DATA PROCESSING AND RETURN TO EXEC. 
2 	 . DO NOT OUTPUT TO LINE PRINTER, 

DO NOT OUTPUT TO MAG, TAPE(UNIT 1), 
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0001 
0002 
0003 
0004 
0005 
0005 

FTN4 

PROGRAM LORSG LISTING 

PROGRAM LORSG 
REAL 	LAT,LON.LATS(4),LONS(4),MIED(4)0(4),LM,P(4,4) 

#,A(4,2),R(4),W(4)#DIST(4),V(4),WF(4)0(2,4) 
#.U2(4),LATOpEONOpMIN1,MIN2 
4,M1N 

0007 OIMENS/UN 	ICR(3) 
0006 COMMON 	AE.PL,PI/RD.TLSIP,X,LATS,LONS/ED 
0009 itt.IPOpPM,ILUDLM,A,DIST 
0010 L LOGICAL UNITS 
0011 ITTY=1 
0012 ILPR=1 5 
0013 

I  S:E1ONSTANTS 0014 C 
0015 P1=3.1415626535 
0016 RU=PI/160.0 
0017 AE=6378144.0 
0018 PL=1/298.23 
0019 A6=AE*(2.0...FL)/2.0 
0020 C=299.7925 
0021 C OVER WATER PHASE LAG POLYNOMIAL CONSTANTS 
0022 C1=6.65347 
0023 C2=-0,13511 
0024 C4=0,0008687 
0025 C4=1,265E■8 
0026 C STU 	LORAN ■C RANGE POLYNOMIAL CONSTANTS 
0027 01=135.0 
0026 U22'"0.17E..3 
0029 037.0.86E.•10 
0040 C 0 MATRIX ELEMENTS 
0031 W11,10,02 

.an !:22=1 
0033 IF1HSTm1 
0034 IPLAG00 
0035 wRITE(ITTY,20) 
0036 2E FURMAT("TYPE DE FOR PROGRAM DESCRIPTION ON LINE PRINTER") 
0037 v.N11E(ILPR,29) 
0038 29 FURmAT(1111) 
0039 DU 	40 	I=1,4 
0040 Pt1,1)=0,01 
0041 P(2,I)s0,0 
0042 P(3,I)=0,0 
0044 P(4,I)=0,0025 
0044 X(1,I)=0.0 
0045 X(2,I):0.0 
00.46 D(I)=0.0 
0047 30 CUNT1NUE 
0048 ICR(1):10 
0049 ICR(2):0 
0050 ICR(3):10 
0051 TLN=0.0 
0052 TO120.0 
0053 C 
0054 C EXECUTIVE ROUTINE 
0055 C 
0056 49 WRITE(ITTY,50) 
0057 50 FORmAT(2M 	1) 
0058 READ(ITTY,55)ICOM 
0059 55 FONMAT(A2) 
0060 CALL DECOD(ICOM,I) 
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0061 GO 	TU(100,200,400,500,600,850,7000000,4000),I 
00b2 C 
oo6a C ENTER LORAN-C STATION COORDINATES AND EMISSION DELAYS 
0064 C 
0065 C AN ALTERNATIVE TO THIS APPROACH IS TO HAVE ALL 
0066 C THE LORAN.0 STATION COORDS, PERM, 	STORED IN MEMORY, 
0067 100 CONTINUE 
0068 wRITk(ITTY1105) 
0009 105 FURmAT(13H 	STATION 	N0,1) 
0070 REAU(ITTY,*)I 
0071 C 
0072 C IF 	ko<I44 	INPUT DATA 
0073 C IF 	1=0 OUTPUT ALL STATION COORO, 	DATA 
0074 C IF 	0>I>4 RETURN TO EXEC 
0075 C 
0076 IF(1,LT.0,0R,I,GT,4)G0 	TO 	49 
0077 IF(I.E0.0)G0 	TO 	150 
0078 CALL 	GETCO(LATS(I),LONS(I)) 
0079 wR1TE(IITY,130) 
0080 130 FORmAT(SH EULY1) 
0061 REAU(ITTY,*)ED(I) 
0052 GO 	TO 	100 
0063 C 
0064 C OUTPUT STATION COORDINATE 	INFO 
0065 C 
0066 150 CALL STNIO(ITTY) 
0067 Gu TO 49 
0068 C 
00b9 C ENTER 	INIIIAL LATITUDE AND LONGITUDE 
00941 C 
0091 200 CONTINUE 

:. RIT's7.(ITTY,205) 
0094 205 FURm4T(bm 	Utty:) 
0094 ktAa(ITTY,*)TEJAPI 
0096 Il'(Th.mP1.E0.0,0)G0 	TO 	208 
0096 TLN=TEMP1 
0097 ILS,4[Empi 
0t0E4  208 CALL 	GETC1J(LAT,LON) 
0299 wRITE(ITTY,209) 
0100 209 FuRmAT("COURSE 	AND SPEED:") 
0101 Rt:AOCITTY,*,CORSE,SPEhD 
0102 WRI1E(ITTY,210) 
0103 210 FuRNAT("ENTER 	STN b'S OF 	CAPE RACE:") 
0104 RtAu(iTTY,*)(ICR(I),I=1,2) 
0105 wRITE(ITTY,22b) 
01kh 225 FURmAT(/) 
0107 GU 	10 	49 
0108 C 
0109 C ENTER DIFFERENTIAL SYNCHRONIZATION CORRECTIONS 
0110 C 
0111 400 CONTINUE 
0112 wRITE(ITTY1405)(D(I),I 12 1,4) 
0113 405 FORMAT(14H 	D 	CORR'N'S 	= 	,4X,4F8,2) 
0114 wRITL(ITTY,410) 
0115 410 FummAT(16H 	NEW 	U 	CORR'N'S:) 
0116 REAUCITTY,19(0(1),1a1,4) 
0117 GO TO 49 
0118 C 
0119 C ENTER 	viIG111 	FACTORS 
0120 C 
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0121 
0122 
0123 
0124 
0125 
0126 

500 

505 

510 

CONTINUE 
WR/TE(ITTY,505)(WF(I),I=1,4) 
FORMAT(bH 	WF 	o 	,4X,4F0.2) 
wRITE(ITTY,510) 
FURMAT(8H 	NEW 	WF;) 
REAU(ITTV,*)WF(1),WF(2),WF(3),WF(4) 

0127 GO TU 49 
0128 C 
0129 C ENTER 	INITIAL CLOCK DRIFT CONSTANTS 
0130 C 	_ 
0131 600 wRITE(ITTY,590) 
0132 590 FORMAT(12H 	START TIME;) 
0133 REAU(ITTY,*)DAY,HR,MIN 
0104 IF(UAY,EU.0)GO 	TO 	650 
0135 TLb=0AV+(HR+MIN/60.0)/24,0 
0136 609 WRITE(ITTY,610) 
0137 610 FURMAT(11H 	RANGE NO.;) 
0138 READ(ITTY0)I 
0139 IF(I.LT 40,UR.I,GT,4)G0 	TO 	49 
0140 C 
0141 C IF 	0(I<4 READ DATA 
0142 C IF 	1=0 OUTPUT CLOCK DRIFT DATA 
0143 C IF 0>I>4 RETURN TO EXEC 
0144 C 
0140 IF(I,E0,0)G0 	TO 	650 
0146 wRI1E(ITTY,620) 
0147 1520 FORMAT("ENTER 	SYNC, 	SYNC 	STD, 	SLOPE, 	SLOPE STD;") 
0148 Rt4U(ITTY,*)X(1,1),P(1,I),X(2.1),P(4PI) 
0149 P(1,I)4F(1,I)*P(1,I) 
0150 P(4,I)=P(4,I)*P(4,I) 
0161 GU 	it) 	609 
0162 C 
01::3 L CLO64 	okliT CONOTANT5 OUTPUT ROUTINE 
0154 C 
0155 650 CALL 	CLINIU(ITTT) 
0150 GU TO 49 
0167 700 CUNTiNUE 
0160 1F(TL5.GT,TLN)GU 	TO 	1000 
0159 C 
0160 C SATNAV 	INPUT 	ANU CLUCK ()RIFT UPDATE ROUTINE 
0161 C 
0162 REAU(IHSR,*)00,HR10,DEG1,MIN1,DEG2,MIN2pCOV1,COV2 
0100 SLAT=(UEti1tmIN1/60.0)*RO 
0104 SLDN=m(DLG2+MIN2/00,0)*RD 
0166 C 3Avh TINE OF LAST SATNAV FIX 
0106 TLSU=TLS 
0107 TLS2UAY+(HR1441/60.0)/24,0 
0108 UT5S=TLS..TLSO 
01159 C TLbU 	IS TIME OF OLD SATNAV FIX 
0170 C TLS 	15 TIME OF NEW SATNAV FIX 
0171 C OTS6 	16 TIME INTERVAL FROM LAST TO CURRENT SATNAV FIX 
0172 C 
0173 CUV1000V1/AE 
0174 COV1=COV1*COV1 
0175 COV2=C0V2/AE 
0176 COV2=COV2*COV2 
01/7 IF(TLS.LT.TLN)G0 	TO 700 
0178 IF(IFLAG,E0.1)G0 	TO 	1030 
01/9 GO TO 	1000 
0180 C 
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0181 C COMPUTE LORAN-C RANGES FROM SATNAV FIX 
0182 C AND VARIANCE OF RANGE DIFFERENCE CALCULATION, 
0184 C 
0184 729 CALL ANCIL(SLATOLON) 
0185 DU 	730 	1=1,4 
0188 w(I)0014.02*DIST(I)+03*DIST(I)ADIST(I) 
0187 w(I)ow(I)*(00(I)+A(I,1)*A(I,1)*COV1.0A(I12)*A(Ip2)*COV2 
0108 0(1)mw(I)/(C*C) 
0189 DI(1)=(DIS1(I)/C),,R(I) 
0190 730 CONTINUE 
0191 wwITE(ITTY1753)(UZ(I),I=1,4) 
0192 753 FORmAT("OBSERVED 	CORR'N'S 	11 ,4F6,2) 
0193 C 
0194 C ENTER KALMAN FILTER ROUTINE 
0195 C 
0196 C (NOTE: 	THE ASSUMPTION 	IS MADE HERE THAT 
0197 C EACH RANGE IS INDIPENDENT OF ALL OTHER RANGES 
0198 C (1E, 	NO CORRELATION), 	THIS IS OBVIOUSLY NOT 
0199 C CORRECT BUT IS MADE TO CUT DOWN ON THE SIZE 
0200 C OF 	THE 	ARRAYS.) 
0201 C 
02k12 DU 	800 	II:1,4 
0203 C 
0204 C PREUICT STATE VECTOR 
0205 C (ONLY THE FIRST ELEMENT CHANGES) 
0206 C 
02o7 X(1.1):X(1,))+X(2.1)*OTSS 
0208 C 
0209 C PREUILT STATE COVARIANCE MATRIX 
0210 C 
0211 P(1,1)=P(11I)+2.010TSS*P(2,I) 
0212 1 	+OTSS*DTSS*P (4, I) +DI I trOTss 
0213 P(211):P(2.1)+DTSS*P(4,1) 
0214 P(3,I)=P(3,I)4015SAP(4,I) 
0215 P(4,I)=P(4,I)+022*DTSS 
0216 C 
0217 C COMPUTE 	GAIN MATRIX 
0218 C 
0219 G104(1,1)/Cw(I)+P(1.I)) 
022o 62gp(3pi)/(w(I)+P(1,I)) 
0221 C 
0222 C UPDATE STATE VECTOR 
0223 C 
0224 C. IF 	DIFFERENCE 	IS 	> 3 MICROSEC. 	DON'T UPDATE. 
0225 IFCApS(X(I,I)”DZ(I)).UT.3,0)G0 	TO 	790 
0226 X(I.1)mx(11I)+G1*(DZ(I)-X(1,I)) 
0227 X(211)0X(2,I)+G2*(0Z(I),.X(1.I)) 
0228 C 
0229 C 
0230 C UPDATE COVARIANCE MATRIX 
0231 C 
0232 R(4,I):P(4,I)..O2*R(2,I) 
0233 P(21I):14(2.1)*(1,0-G1) 
0234 P(3,I)=P(3.1)-P(1.1)*G2 
0235 PCI,I):(1.(s,-G1)*P(1,1) 
0236 C 
0237 C CHECK TO SEE IF- ANY PIPS ARE NEG, 	AND IF SO TELL 
0238 C. OPERATOR AND SET IT TU A POS, VALUE, 
0239 C 
0240 
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0241 
0242 
0243 

765 

770 

IF(P(J.I).GT.0.0)GO 	TO 	775 
WRITE(ITTY.770)JoI,P(JII) 
FORMAT(3H 	P(,I2,1H o .I2.6H) 	WAS 	,F10.8) 

0244 P(J.I)=0.08 
0245 774 
0246 IF(J.LE.4)G0 	TO 	765 
0247 GU TO 800 
0248 790 CONTINUE 
0249 C OUTPUT MESSAGE IF DIFFERENCE IS s 2 MICROSEC. 
0250 WFITE(ITTY,795)I 
0251 795 FURMAT(17h REJECT ON RANGE 	,I3) 
0252 800 CONTINUE 
0253 C 
0254 C OUTPUT DATA FROM SAT AND CLOCK DRIFT UPDATE ROUTINE, 
0255 C 
0256 CALL CLKIU(ITTY) 
0257 GO TO 700 
0258 850 CALL GETCO(SLAT,SLON) 
0259 CALL ANOL(SLATOLON) 
0260 JCRIal 
0281 C COMPUTE OVERLAND PHASE LAG CORRIN FOR CAPE RACE 
0282 CALL CRCRN(SLAT.SLON.CRN) 
0256 DU 	880 	1:1,4 
0264 DIS1(I):OIST(I)/C 
0285 11.(1.NE.ICR(JCR))60 	TO 	870 
0286 OIS1(I)2DIST(1)+CRN 
0287 JCR=JCR+1 
0266 670 051(I)=DIST(1)+C1/DIST(I)+C24,C3*DIST(I)+C4*OIST(I)**2 
02h0 +030 0IST(T1m11ISI(1)+FD(11 
0270 wR1it(ITTY,885)(DIST(I),I=1,4) 
0271 885 FUhMAT(iH 	14F12.2) 
02/2 6U TO 49 
0273 C 
0274 C 
0275 C LORAN..0 	FIX 	ROUTINE 
0278 C 
0277  1000  IF(ISSw(e)*LT,O)G0 	TO 	49 
02/8 CALL 	FIXOT(DAY,HR,MIN,R,COR,SPD) 
0279 IF(UAY.LE.0,0,UR.DAY,GT.366.0)G0 	TO 	1000 
0280 C SAVE OLD LAT & LONG 
0281 LATUPLAT 
0282 LUNO=LON 
0283 TLU=TLN 
01284 TLN=OAY+(HR+MIN/60.0)/24.0 
0285 DTL=TLN"TLO 
028b DT.5=TLN"TLS 
0267 C ILO 	IS TIME OF OLD LORAN FIX 
0288 C TLN 	IS TIME OF NEw LORAN FIX 
0289 C TLS 	IS TIME OF LAST SATNAV FIX 
0290 C UTL IS TIME INTERVAL FROM LAST TO CURRENT LORAN FIX 
0291 C 018 	IS TIME INTERVAL FROM LAST SATNAV FIX TO NEW LORAN FIX 
0292 C 
0293 C RtAU LORAN RANGES 
0294 C 
0295 C 
0296 C CORRECT RANGES FOR SYNC,CLOCK DRIFT.DIFFERENTIAL SYNC AND 
0297 C SUBTRACT EMISSION DELAYS. 	CORRECT FOR OVER-WATER PHASELAG 
0298 C AND OVERLAND PHASE LAG FOR CAPE RACE 
0299 C AND CONVERT TO UNITS OF METRES, 
0300 C 
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0301 	JCRal 
0302 C 	COMPUTE OVERLAND PHASE LAG CORR!N FOR CAPE RACE 
0303 	CALL CRCRN(LATILON,CRN) 
0304 	DO 1020 I=1,4 
0305 1008 IF(I.NE,ICR(JCR))G0 TU 1015 
0306 	 R(1)mR(I)-CRN 
0307 	JCRoJCR+1 
0308 1015 R(I)=R(I)+0(I)-E0(I) 
0309 1020 RLIPIR(I)-(Cl/R(I)+C2+C3*R(I)+C4*R(I)*R(I)) 
0310 C 
0311 	 IFLAGall 
0312 	IF(TLS.LO.TLN)90 TO 729 
0313 C 	CURKtCT FOR CLOCK DRIFT AND CONVERT TO METRES 
0314 1030 IPLAU00 
0315 	DU 1045 I=1,4 
0316 	R(I)x(R(I)+X(1,I)+DTS*X(2,I))*C 
0317 C 
0316 C 	COMPUTE RANGE STANDARD DEVIATIONS 
0319 C 
0320 1045 w(1)=01+O2*R(I)+03*R(I)*R(I) 
0321 C 	START FIX CALCULATION 
0322 C 
0323 	 .11:0 
0324 1050 811m0,0 
0325 	522=0,0 
0326 	021z0,0 
0327 	DI1=00 
0326 	 022=0.0 
0329 	CALL ANUL(LAT.LuN) 
0330 	OU 1100 1:1,4 
0341 	IF(1FIRST.E.Q.1)60 To 1075 
0332 	 IrtA6SWIST(I)-R(/)),GT,10000,0)G0 TO 2200 
0333 1075 PTawF(I)/04(I)*w(I)+P(1,I)*CAC) 
0344 	011=1:3114-PIAA(111)*A(I,1) 
0335 	822=b22+FTAA(1,2)*A(I,2) 
033b 	621=b21+A(I,1)*A(I,2)APT 
0337 	011=011+A(1,1)*FT*(DIST(I)•.R(I)) 
0330 	Dee=u22+A(Ip2)*Pt*coIsT(I).R(I)) 
0339 1100 CuNlINuE 
0340 	 D0:611.*022-621*621 
0341 	0LA:(r22*D11-621*D22)/DU 
0342 	0L0=(811*O22-6,21*D11)/00 
0344 	LAI=LAT-ULA 
0344 	LDN=LON-ULO 
0345 	 CK=SWRT(OLA*DLA+DLOAOLO) 

. 0346 	J=J+l 
0347 	IF(J.GE.21)G0 TO 1250 
0348 	IF(CK,GT,0„E-7)GD TO 1050 
0349 C. 
0350 C 	COMPUTE RESIDUALS AND VARIANCE FACTOR, 
0351 C 
0352 	vAR=0,0 
0353 	UU 1200 1:1,4 
0354 	v(1):A(Ir1)*DLA+A(/,2)*OLO+CDIST(I)-R(I)) 
0355 	PT=O(I)/(R(I)*H(I)+P(IrI)) 
0356 	vAlicvAR.v(i)*v(i)*PT 
0357 1200 CONTINUE 
0358 C 
0359 C 	CUMPUTE ERROR ELLIPSE PARAMETERS, 
0360 C 
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0361 	B21=-(821/0D)*AE*AE*COS(LAT) 
0362 	01110822 
0343 	422:(811/00)*AE*AE*COS(LAT)**2— 
0344 	8110(011/D0)*AE**2 
0365 	OUct311*822■821**2 
0346 	AEL=2,45*SORT(0,5*(822+811+SORT((822+811)**2',4.0*DD))) 
0367 	8EL=2,45*SORT(0.5*(422+511..SORT((822.01311)**2■4,001DD))) 
0048 	THtL=ATAN2E(2,0*621).(511•822))/R0 
0349 	Go TU 1500 
0370 C 
0371 C 	TYPE MESSAGE WHEN MORE THAN 20 ITERS 
0372 C 
0373 1250 WRITE(ITTY,1260) 
0374 1260 FORMAT(29H 20 ITERATIONS, REINITIALIZEW) 
03/5 	GU TO 49 
0374 1500 CONTINUE 
03/7 	IF(IFIRST,E(1,1)G0 TO 1600 
0378 C 
0379 C 	COMPUTE COURSE AND SPEED FROM PREVIOUS FIX, 
0380 C 	PLANE EARTH APPROX, 
0301 C 
0362 C 	SAVE OLD COURSE AND SPEED, 
0383 C 
0384 	CURSO=CORSE 
0386 	SPho0=SPEED 
0386 	ULAT=LAT-LATO 
0387 	OLUN=(LuN-LONO)*C08((LAT+LATO)/2,0) 
0388 	SPEED=SURT(OLAT*OLAT.I.OLON*OLON)*A8/1852,0 
0389 	 SPEE0=SPEEUMTL*24,0) 
0390 C 
0391 	 CURsE=ATAN2(DLON,OLAT)/R0 
0392 	 IF(cORSE.61,0.0)G0 TO 1550 
0393 	CONSE=c0RsE+360,0 
0394 G 	FILTER COURSE AND SPEED, 
0395 C 
0396 1550 CORSH=cuRSE 
0391 	SPEOH=SPEED 
0398 	COI ST=1,0-EXP(•144,0*OTL) 
0399 C 	144 GIVES AN AVERAGING TIME OF 10 MIN. 
0400 	SP4t0=CoNST*SPEED-(c0NST-1,0)*SPEDO 
0401 	OCURS=CORSE.,CORSO 
0402 	II-(A4S(DCORS).LT.180,0)G0 TO 1590 
0403 	IF(OCOPS.LT.0.0)G0 TO 1580 
0404 	OCORS=ULURS-360.0 
0405 	 GU TO 1590 
(Jail() 1580 OCUkS=ULOWS+340.0 
0407 1590 Cuil5tz0oRSO+CONST*OCORS 
0408 	Ir(CURSE.LT.360,0)G0 TO 1600 
0409 	CURSE=CORSE.360,0 
0410 1600 GU TU 2000 
0411 C 
0412 C 	LURAN,-C FIX OUTPUT ROUTINE 
0413 C 
0414 C 
0415 2000 CONTINUE 
0418 	IFIRST=0 
0417 C 
0418 	CALL RADM(LAT,IPD,PM) 
0419 	CALL RADM(-LON,ILO,LM) 
0420 	IF(ISSw(2).LT.0)G0 TO 2060 • 
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0421 	WHATE(ILPR/2020)DAT,HRI,MIN,IPD;PM/ILD,LM000RSE,SPEED 
0422 	#,cuRsti g spt:oH,coR,spo 
0423 2020 FORMAT(1H 0313,2(I4,F7.3),8F5.1) 
0424 	WHIIE(ILPR,2040)J,(V(I)DI1111/4),AELOELDTHEL 
0425 2040 FORMAT(111 p4Xp12,9F7,1) 
0426 2060 II- (ISSW(3),LT,0)60 TO 2100 
0427 	WHITE(8,2020)DAT1HR,MIN,IPD,MILD0LM000RSE,SPEED 
042d 	#,CURSH,SPEDH,C0k,SPO 
0429 	WHITt(8,2040)J,(V(/),I°1,4),AEL,BEL,THEL 
0430 2100 IF(TLS,LT,TLN)G0 TO 700 
0431 	GO TO 1000 
0432 2200 CONTINUE 
0443 	LAT=LATO 
0444 	 LOW:LON° 
0435 	TLN=TLO 
044d 	WRITE(ITTT/2210)HR,MIN 
0437 2210 FURmAT(9M BAD UATA12I3) 
043d 	GU TO 1000 
0439 3000 CONTINUE 
0440 	wRITE(ITTY13010) 
0441 3010 FORMAT(6H ERROR) 
0442 	GO TO 49 
0443 4000 CALL OESCR(ILPR) 
0444 	GU TU 49 
0445 	ENO 
0446 	SUBHUUTINE RADM(HADoID,FM) 
0447 C 
044d C 	CONVERT RADS, TO DEG, AND MIN, 
0449 C 
0450 	COMMON AE,FL,PI,RD 
0471 	(h.:RAO/RD 
0452 	FM:(0-PLOAT(IFIX(0)))*60,0 
04b3 	lUmAPIX(D) 
0454 	KETuRN 
0455 	END 
0450 	SU0KOLITINE ANUL(RHP.FLR) 
0457 
0456 C 	INVERSE DISTANCE BY ANDUYER-LAMBERT FORMULA, 
0459 C 
0400 	REAL P(4,4),X(2,4),LAT5(4),LONS(4),ED(4),A(4a),DIST(4),LM 
0461 	CUMNUN AE,FLI P10RU,TL5FP,X,LATSFLONS,ED,IPD,PM,ILD/LMIA,DIST 
0462 	DU 10l I=1,4 
0463 	OLON=FLP-LONS(I) 
0404 	SL=SiN(OLON) 
0405 	CL:C05(OLON) 
0460 C 
0467 C 	SHIP POSITION 
0406 C 
0409 	SP2SIN(PHP) 
0470 	 CP=COS(PHP) 
0471 C 
0472 C 	SHORE POSITION 
0473 C 
0474 	SSaSIN (LATS (I) ) 
0475 	C3=C05(LATS(/)) 
0476 C 
0477 C 	SPHERICAL TRIANGLE BY XrY,Z COORDINATES, 
0470 C 
0479 	DX0CS*CLP,CP 
0480 	ClYmCS*SL 
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0441 	OZ05S.SF 
0482 C 	CHORD DIST SO, 
0483 	 CH0OX*0)00Y*DY.I.OZ*02 
04d4 	S=SORT(0,25*CH) 
0485 	C0SURT(1,0"0,25*CM) 
0486 C 	ARC LENGTH 
0487 	U0ATAN(S/C) 
0488 	D=2,0*U 
0489 	SD=SIN(D) 
0490 C 	ELLIPSOIDAL CORRECTION FOR DISTANCE 
0491 	DV0(SS■SP)/S 
0492 	04°(U.1.3,0*SD)*UV*DV*0.5 
0493 	DH=SS+SP 
0494 	OW0OW*OW/(1.0"S*5) 
0495 	DW=UW*0,5*(0■3,0*SD) 
049b 	D1ST(I)=AE*(00.0.25*FL*(DV+DR)) 
0497 C 	COMPUTE DERIVATIVES 
0498 	A(1,1)0(SF*CS*CL=CP*SS)*AE/S0 
0499 100 A(I,2)=AE*CP*C5*SL/SD 
0500 	RETURN 
0501 	END 
0502 	SUBROUTINE DECOD(ICOM,I) 
0503 C 	COMMAND DECODER ROUTINE 
0504 	100 
0505 	D(/COM ,Nts2HST)GO TO 10 
0505 	Im1 
0507 	GO TO 100 
0508 10 	If(ICOM,NE,2HIN)G0 TO 30 
0509 	102 
0510 	GU TO.  100 
0511 30 	IF(ICOM,NE,2H0 )GO TO 40 
0512 	 I:3 

Go lo i00 1513 
0514 40 	IF(ICOM,NE,2HWF)G0 TO 50 
0515 	104 
0516 	GU TO 100 
0517 50 	IF(1COMOE,2HDR)G0 TO 50 
0518 	1=5 
0519 	GO TO 100 
0520 50 	IF(ICOm.mEaRsA)G0 TO 70 
021 
0522 	GO TU 100 
0523 70 	IF(1CUm,NE,2HFI)DO TO 80 
0524 	107  
0525 	GO TO 100 
0526 80 	I'P(ICOM,NE,2HDE)G0 TO 90 
0527 	1:9 
0526 	GO TO 100 
0529 90 IsS 
0600 100 RETURN 
0531 	ENO 
0532 	SUBROUTINE GETCO(LAT,LON) 
0533 	COMMON AE,FL,PI,RD 
0534 	REAL LAT,LON,MIN 
0535 

I 0535 	WRIT:ITTY#10) 
0537 10 	FORMAT(5H LAT:) 
0538 	REAU(ITTY,*)DEGIMIN 
0539 	LAT0(DEG+MIN/60,0)*RD 
0540 	 wRITE(ITTY120) 
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0541 20 	FURMAT(611 LONGI) 
0542 	RtAU(ITTY0)0E6,M/N 
0543 	LON=.0(0EG+MIN/60,0)*R0 
0544 	RETURN 
0545 	END 
0046 	SUBROUTINE CLKIU(I0) 
0547 	RtAL F(414),X(214),LATS(4)r EONS(4),E0(4) 
0048 	CUmmUN AE,FLOI,RU,TLS,P,X,LATSoLONS,ED 
0549 	IDAY=INT(TLS) 
0550 	1-01(TLS.,, IPAY)*24.0 
0551 	IHR=INT(HR) 
0552 	MIN=INT((H16.IHR)=60$0) 
0503 	WRITE(111,655)IUAY F IHRIMIN 
0554 655 	FURMAT(14H START TIME = ;3I4) 
0505 	Y.RI1t(I0/ 660) 
0556 660 	FURMAT(10H RANGE NO,OX,411SYNCI 5X,8HSYNC STD,5X 
0557 	#,bMSLOPEOX,9HSLOPE STD) 
0506 	DU 080 1=1,4 
0059 	TEMPI=SORT(P(1,1)) 
0560 	TEMP2=SURT(P(4,1)) 
0561 	NRITE(I0,670)IpX(1,I),TEMP1,X(2,I),TEMP2 
0502 b70 	FukmAT(aH ,I3,4)02(3X,F8.4,3X,F844)) 
0503 680 CUN1INUE 
0564 	RETURN 
0505 	ENU 
0006 	SUBROUTINE STNIO(ID) 
0507 	REAL P(414)0(2,4),LATS(4),LONS(4),E0(4),LM • 
0568 	CUMMUN AE,FL,PIFRD,TL6040(F LATS,LONS,ED 
0569 	noIPOrPM,ILD0LMFAFOIST 
0574 	UU 170 1=1,4 
f1571 	ctILL PAOMTAATS(T):IPO,PM) 
0572 	CALL kAGM(=LONS(I),ILD,LM) 
0073 	4R1TE(IU / 160)IFIPU,PM,ILD,LM F ED(I) 
0574 160 	FURMAT(IN •5X,13,5X,140- 8.4,3X,I4/ F8.4,5X,F9.2) 
0575 170 CONTINUE 
0576 
	

ROURN 
0577 	ENO 
0578 	SOBRUUT1NE FIXOT(DAY,HR,MIN,R F CCIR,SPD) 
0579 	UlmENSION 1A(41),IGT1(164),R(4) 
0080 	REAL MIN 
0581 	IMT=7 
0562 	IGTL=..164 
0583 	CALL EXEC(1,IMT,IGT1,IGTL) 
0584 	CALL CODE 
0585 	REAU(IGT1,205)(IA(I)/I21 1,41) 
0586 205 	FORMAT (41I4) 
0587 	DAY=14(1) 
0588 	HR=AINT(IA(2)/100.0) 
0569 	 M1N0MIA(2)/100,0)pHH)*100,0) 
0590 	J=32 
0591 	PO 20 I=1,4 
0592 	J=J+2 
0593 	Alsj+1 
0594 	R(I)=IA(J)*10,0+IA(K)/1000.0 
0595 20 CONTINUE 
0596 	SPO=IA(7)/10,0 
0597 	CUR=IA(8)/10,0 
0598 	RETURN 
0599 	ENU  
0600 	SUBROUTINE DESCR(I0) 



0601 	WRITE(I0,10) 
0602 10 	FORMAT(IHWPROGRAN NAMES LORSG") 
0604 	WRITE(I0,20) 
0604 20 	FURMAT(uFUNCTION: OFF-LINE RHO-RHO LORAN-C/SATNAV ", 
0605 	huINTEGRATION PROGRAM") 
0606 	WRITE(I0,40) 
0607 30 	FURMAT("AUTHORI 5, GRANT, BIO NAV, GROUP") 
0608 	wRITE(/000) 
0609 40 	FORMAT("DATE: 20 FEB, 1976"1//) 
0610 	WRITE(IU,50) 
0611 50 	FURMAT(" 	THIS PROGRAM READS TIME, LORAN-C AND 
0612 	WILUG/GYHO DATA",/,"FROM A CLEANED UP BIODAL MAGNETIC TAPE Hp 
0614 	#u(UNIT w) AND SATNAV DATA",/,"FROM PUNCHED PAPER TAPE 
0614 	#11 (MSR) AND OUTPUTS RESULTS TO A SECOND",/,"MAGNETIC TAPE", 
0616 	#" (UNIT 1)r THE LINE PRINTER AND THE TTY, COMMANDS",/ 
0616 	#p"$TpIN AND WF MUST BE EXECUTED BEFORE DATA PROCESSING CAN "p 
0617 	100EGIN,"p/p"INTERRUPT DATA PROCESSING AT ANY TIME SY", 
0618 	#u SETTING SWITCH REGISTER BIT 0 = 1.",//) 
0619 	wRITE(I0,60) 
0620 60 	FURHAT("STATION(ST)up/puENTER STATION NUMBER, STATION 
0621 	#"CUUHUINATES(DEG. & MIN,)",/,"AND EMISSION DELAY(MICROSEC,)", 
0622 	#/o"ENTER SIN # 0 0 TO GET PRINT OUT OF DATA.",/ 
0623 	#p"ENTER STN # NEG, OR GREATER THAN 4 TO EXIT."/) 
0624 	WRITE(I0p70) 
0625 70 	PUHHAT("INITIALIZE(IN)"/ruENTER DAY, INITIAL LAT. AND ", 
0b26 	#"LUN6.(DEG. & MIN.)",/,"AND APPROX. COURSE AND SPEED", 
0627 	#"(UEG, & KTS,)";/) 
0628 	wRIFE(I0,80) 
0629 80 	FORMAT("D",/p"ENTER ONE CORRECTION(MICROSEC.) TO EACH RANGE,"//) 
0630 	wRITE(I0,90) 
0631 90 	FuRNAT(uWEIGHT FACTORS(WF)",/."WEIGHT FACTORS ARE NORMALLY ", 
0632 	#11 SET EQUAL TO ONE,",/,"IF A RANGE IS NOT USED SET ITS", 
0643 	 WF EQUAL TO ZEBU."/"IF THERE IS LAND ALONG THE PROPAGATION", 
0644 	#" PATH",/,"SET THAT WF BETWEEN i,3 AND 1,0,  SET WF a  010", 
0636 	#0  FUR ALL LAND PATH,"/) 
0646 	WRITE(I0,100) 
0637 100 	FURMAT("DRIFT(DR)",/p"ENTER START TIME FOR CLOCK DRIFT no 
14638 	eCORRECTION FOLLOWED BY THEur/r"RANGE NO,, THE SLOPE, " f 

0639 	#"SYNC AND STANDARD DEVIATIONS.",/,"ENTER RNG # =0 TO GET ", 
0640 	#"PRINT OUT OF UATA."./P uENTER RNG # NEG, OR GREATER 0, 
0041 	#" THAN 4 TO EXIT."p/) 
0642 	wkItE(10,110) 
0643 110 	FORHAT("SATNAV(SA)upWENTER SATNAV FIX AND GET COMPUTED ", 
0644 	#"LORAN,.q: RANGES ON TTY.",/,"(RANGES ARE CORRECTED FOR ", 
0645 	WILANU AND WATER PHASE LAG,)",/) 
0646 	WRITE(10,120) 
0647 120 	FURMAT("FIX(FI)up/p"CUMMENCE PROCESSING DATA.",/) 
0648 	WHITE(I0,130) 
0549 130 	FURNAT("DESCRIBE(DE)",6"PRINT THIS PROGRAM DESCRIPTION "p 
0650 	#"UN THE LINE PRINTER.",/) 
0651 	WHITE(IU,140) 
0652 140 	FURMAT("LORSG SWITCH REGISTER OPTIONS",/,SX,"BIT #11 , 
0653 	#10WFUNCTION(WHEN ON)",/,7X,"0",13X,"INTERRUPT DATA "p 
0654 	ePRUCESSING AND RETURN TO EXEC."1/P7Xpu2",13X, 
0555 	1:0 11 UU NUT OUTPUT TO LINE PRINTER,"p/p7X,"3"113X, 
0656 	#"UU NOT OUTPUT TO HAG, TAPE(UNIT 1).",//) 
0657 	RETURN 
0658 	END 
0659 	Slit/ROUTINE CRCRN(LAT,LON,CRN) 
0660 C 	THIS SUBROUTINE COMPUTES THE OVERLAND PHASE LAG 
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0661 C 	ERROR (CRN) TO THE CAPE RACE RANGE AS A PIN OF LAT,LON, 
0602 	REAL LA1,LON,LATCR,LONCR 
0663 	LATCN=0.81568686 
0664 	LUNCR=.80.92807476 
0665 	R00=0,8726646 
0666 	R30=0,5235987 
0667 	8347=-0,2268928 
0668 	R280=-1,3962634 
0b69 	R26b:..1.3089969 
0070 	H536=-0,418879 
0671 	C1=1.3 
0672 	C2=-0,92 
0673 	C3=8,0 
0674 	C4=-17.1 
0675 	DLON=LON•LONCR 
0676 	IP;(0LON.EU.0.0)D0 TO 100 
0677 	SL=S1N(OLON) 
067d 	CL=COSOLON) 
0679 	SP=SIN(LAT) 
0680 	CP=C0S(LAT) 
0681 	SS=SIN(LATCR) 
0682 	CS=COS(LATCR) 
0583 	CU=SP*SS+CP*CS*CL 
0684 	sumawiT(1.0..Cu*CU) 
0685 	U=AIAN(SU/CU) 
0600 	0161=8578206,0*U 
0687 	SAA=SL*CP/SU 
06db 	CAA=SWRT(1.0.,SAA*SAA) 
0689 	Ir(LAT.6T.LATCR)U0 TO 90 
0690 	CAA=..CAA 
0691 94 AZ34TAN8(SAA,CAA) 
0692 	GU TO 130 
0695 lk,0 	IF(LAT.LT9LATCR)GO TO 120 
0694 	A4=0,0 
0695 	GO 1U 160 
0696 120 AC=61415925536 
069/ 130 CON1INUt: 
0698 	CRN=0.0 
0699 	It(AZ.GT,N50,0R.AZe LT9R280)RETURN 
0700 	11'(AZ.LT.I.00,ANO.A2.GT.N366)GO TO 200 
07A1 	It*(AL,GT,R285,ANU.AZ.LT.R336)G0 TO 170 
0702 	CNN-40.2b 
0703 	RtTuRN 
0704 170 CRN=1.0+(Ab.R285)*1,57(8336.8285) 
0705 	RtiuRN 
0706 200 	If.(AZ.LT,R347,ANO.D/ST9LT,777840,0)G0 TO 300 
0707 	 CNN=C1.1.C2*AZI,C3*AZ*AZ.0C4*A2*AZ*AZ 
070d 	RaTURN 
0709 300 CNN=2,5 
0710 	HLTURN 
0711 	END 
0712 	ENDS 
**** LIST END **** 
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